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Abstract 

A non-Archimedean antiderivational hne analog of the Cauchy- 
type line integration is defined and investigated over local fields. Classes 
of non-Archimedean holomorphic functions are defined and studied. 
Residues of functions are studied, Lorent series representations are 
described. Moreover, non- Archimedean antiderivational analogs of in- 
tegral representations of functions and differential forms such as the 
Cauchy-Green, Martinelli-Bochner, Leray, Koppelman and Koppelman- 
Leray formulas are investigated. Applications to manifold and opera- 
tor theories are studied. 
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1 Introduction 



Line (Cauchy) integration is the cornerstone in the complex analysis and in- 
tegral formulas of functions and differential forms such as the Cauchy-Green, 
Martinelli-Bochner, Leray, Koppelman and Koppelman-Leray formulas play 
very important role in it and in analysis on complex manifolds and theory 
of Stein and Kahler manifolds and theory of holomorphic functions (see, for 
example, [8, 25]). In the non- Archimedean case there is not so developed 
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analog of complex analysis. Though there are few works devoted to non- 
Archimedean holomorphic functions over the complex non- Archimedean field 
Cp and the Levi-Civita fields, which are not locally compact (see [11, 2] and 
references therein). In that works M.M. Vishik and M. Berz have obtained 
analogs of residues and the Cauchy formula, but integrals that they have used 
were of combinatorial-algebraic nature and they have operated with power 
series mainly for their analogs of holomorphic functions. On the other hand, 
there is not any measure equaivalent with the Haar measure on such non- 
locally compact fields because of the A. Weil [28] theorem stating that the 
existence of such nontrivial measure on a topological group implies its local 
compactness. This article is devoted to others non-Archimedean analogs of 
integral representation theorems, that were not yet considered by others au- 
thors. Moreover, this article operates with locally compact non- Archimedean 
fields of characteristic zero (local fields) and the corresponding analogs of 
complex planes. Apart from the classical case in the non- Archimedean case 
there is not any indefinite integral. Instead of it antiderivation operators by 
Schikhof [22] are used. 

It is necessary to note that in this article are considered not only man- 
ifolds treated by the rigid geometry, but much wider classes continuing the 
previous work [14]. For them the existence of an exponential mapping is 
proved. A rigid non-Archimedean geometry serves mainly for needs of the 
cohomology theory on such manifolds, but it is too restrictive and operates 
with narrow classes of analytic functions [7] . It was introduced at the begin- 
ning of sixties of the 20-th century. Few years later wider classes of functions 
were investigated by Schikhof [22]. In this paper classes of functions and 
antiderivation operators by Schikhof and their generalizations from works 
[13, 12] are used. 

Section 2 is devoted to the definition and investigations of the non- 
Archimedean analogs of the line integration over local fields. Classes of 

non- Archimedean holomorphic functions are defined and studied. For this 
specific non- Archimedean geometry's definitions and theorems arc given (see 
also definitions and notations in [12, 13, 14, 15, 17]). It is necessary to note 
that definitions, formulations of theorems, propositions, etc. and their proofs 
differ substantially from the classical case (over C). Residues of functions 
are studied, Lorent series representations are described. In Section 3 non- 
Archimedean antiderivational analogs of integral representations of functions 
and differential forms such as the Cauchy-Green, Martinelli-Bochner, Leray, 
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Koppelman and Koppelman-Leray formulas are investigated. These studied 
are accomplished on domains in finite dimensional Banach spaces over lo- 
cal fileds and also on manifolds over local fields. All results of this paper 
are obtained for the first time. Finally applications of the obtained results 
to the theory of non-Archimedean manifolds and linear operators in non- 
Archimcdcan Banach spaces are outlined. In works of Vishik (sec [11] and 
references therein) the theory of non- Archimedean (Krasncr) analytic oper- 
ators with compact spectra in Cp was developed. In this article operators 
may have noncompact spectra in a field L such that Qp C L (may be also 
L D Cp and L ^ Cp) continuing the investigation of [18]. 

2 Line antiderivation over local fields 

To avoid misunderstandings we first present our specific definitions. 

2.1. Notation and RemEirks. Let K denotes a local field, that is, 
a finite algebraic extension of the field Qp of p-adic numbers with a norm 
extending that of Qp [27]. Denote by Cp the field of complex numbers with 
the norm extending that of Qp [10]. If i G K take a G Cp \ K such that 
there exists m G N with a™ G K, where m is such a minimal natural number, 
m = m(Q;), i := (— 1)^^^. If i ^ K take a — i. Denote by K(q;) a local field 
which is the extension of K with the help of a. 

Suppose [/ is a clopen compact perfect (that is, dense in itself) subset in 
K and [/cr := a is its approximation of the identity: there is a sequence of 
maps (7i : U ^ U, where < / G Z, such that 

(i) (To is constant; 

(ii) ai o an — CTn o ai — an for each I > n; 

{ill) there exists a constant < p < 1 such that for each x,y & U the 
inequality \x — y\ < p" implies <7n{x) = <7n{y)', 

{iv) \an{x) — x\ < p"' for each integer n > 0. Consider spaces C"([/, L) 
of all n-times continuously differentiable in the sence of difference quotients 
functions f : U ^ L, where L is a field containing K with the multiplicative 
norm | * |l which is the extension of the multiplicative norm | * |k in K. Then 
there exists an ant if derivation: 

(1) t/P" : C"-i([/, L) ^ C"(?7, L) given bv the formula: 

(2) uP''f{x) := j:r=oT.U f^'\^i)i^i+i - ^lY^'/iJ + 1)!, 

where xi :— ai{x), x e U, n > 1 (see §80 [22]). Formula (2) shows, that 
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if (jP" is defined on C"'~^(f/, K), then it is defined on C"~^{U,Y) for each 
field L which is complete relative to its norm such that K C L and a Banach 
space Y over L. 

Since P" is the L-linear operator, then there exists the L-linear space 
pC'[;{U,Y) := P"(C"-i(f/,F)), put pC"(f/,F) := pC'[;{U,Y) ® Y , where 
n > 1, y is a Banach space over L. For a clopcn subset Q in (K©aK)™ such 
that Q C U"^ X t/™ consider the antidcrivation Q.P"'f{z) as the restriction 
of u"'xu^P"'f{z) on Q, 

(3) Q.P''f{z) := c/r-xc/-P"|Q/(^) = u^xu^P''f{.z)xn{,z), where 

(4) ^,.xr/"^P"/(^) := ^P.^.. t/P.1 uPl- uPy^Jiz), 

Xii{z) denotes the characteristic function of Q, Xn{z) = 1 for each z & fl, 
Xn{z) = for each z G K^™'\r2, z = {x,y), x,y E C K™, a; = (xi, Xm,), 
Xi,...,Xm e K, (/P"^ means the antiderivation by the variable Xi. This is 
correct, since each / e C(°'"-i)(Q, L) := C((0,n - ^ L) (see §1.2.4 
[12]) has a C(0'"-i) -extension on U"^ x for example, f\u"^xU"^\n = 0. 
This means, that u^^xu^P^ f{z) is the antiderivation defined with the help 
approximation of the unity on Lf^ x such that u"^xU"^<^ = ( i/c, i/c)- 

The condition of compactness of Q, is not very restrictive, since each lo- 
cally compact subset in (K © ctK)"* has a one-point (Alexandroff ) compact- 
ification which is totally disconnected and hence homcomorphic to a clopen 
subset in (K©aK)™ (see §3.5 and Theorem 6.2.16 about universality of the 
Cantor cube in [5]). If p{zi,Z2) := \zi — Z2\ is the metric in (K © aK)™', 
then the metric p\zi, Z2) ■= p{zi, Z2)/[l + p{zi, Z2)] has the extension on the 
one-point compactification A(K © oK)"^ :— (K © aK)'^ U {A}, where A is a 
singleton. If F is a mertic space with a metric p, then B(Y, y,r) := {z E Y : 
p{z,y) < r} denotes the ball of radius r > and containing a point y eY. 

2.2. Notes and Definitions. 1. For a local field K there exists a prime 
p such that K is a finite algebraic extension of Qp. In view of Theorems 1.1, 
4.6 and Proposition 4.4 [27] there exists a prime element tt e K such that 
P = ttR = Rn, R/P is a finite field Fpn consisting of elements for some 
n G N [27], mod-i^iji) := q^^ and Fk := mod{K.). where mod-K is the modular 
function of K associated with the nonnegative Haar measure on K such that 
p{xS) = mod-K^x) p{S) for each 7^ x G K, mod-K{Q) and each Borel 
subset 5 in K with n{S) < 00, P := {x G K : |x| < 1}, R := P(K,0, 1). 
Then each a; G K can be written in the form x = where xi G 

{0, 6'i, ...,^pn_i}, min^j^o^ —ordK{x) > -00, 6'0 + P, 9i + P,...,9pn^i + P is 
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the disjoint covering of i?, 6q := 0. Consider in K the hnear ordering aAb if 
dk = bk,.--, as = bs, as+i < bs+i, where a, 6 G K, by our definition Og < 9v for 
each s < V, k :— mm{ordj<i{a), ordji_{b)). In 5(K,0, 1) the largest element 
relative to such linear ordering is /? := Z^^^o ^(p"-!)"""' = ~ 

Though this linear ordering is preserved neither by additive nor by mul- 
tiplicative structures of K it is useful (sec, for example, [20] and §62 [22]). 

2.2.2. Let Vo,...,Vk G K(q;)'" such that vectors Vi — Vo,...,Vk — Vq are 
K-linearly independent, then the subset s :— [vq, I'fc] := {z e K(q;)"^ : 
z = aoVo + ... + akVk] ao + ... + ak = 1; oq, a/c G -B(K, 0, 1)} is called the 
simplex of dimension k over K., k = dimi^s. A polyhedron P is by our 
definition the union of a locally finite family of simplcxcs. For compact 
P a family \I'p can be chosen finite. An oriented fc-dimensional simplex is 
a simplex together with a class of linear orderings of its vertices Vq, ...,Vk- 
Two linear orderings are equivalent if they differ on an even transposition of 
vertices. For a simplicial complex S let Cq{S) be an Abelian group generated 
by simplices s'^ of dimension q over K and relations sl + s^ = 0, if si and are 
differently oriented simplices (see the real case in Chapter 4 [26]). Then there 
exists the homomorphism dq : Cq{S) — > Cq-i{S) such that dq[vQ, ...,Vq] : = 
J2i^Q{—iy[vo,...,vi-i,vi+i,...,Vq] and dq[vo, ■■■,Vq] is called the oriented K- 
boundary of s'^. 

2.2.3. A clopen compact subset f2 in (K © aK)™ is totally disconnected 
and its topological boundary is empty. Nevertheless, using the following 
affine construction it is possible to introduce convention about certain curves 
and boundaries which will serve for the antiderivation operators. 

Let Q be a locally K-convex subset in K(a)™ for which there exists a 
sequence Qn of polyhedra with Qn C fin+i for each n G N, 1] = c/(Unf^n), 
where d{S) denotes the closure of a subset S in K(q;)™. Suppose each Qn is 
the union of simplices Sj^n with vertices Vo^„, j = 1, b{n) G N, more- 
over, dimji_{sj^n n Sj',n) < k for each j ^ j' and each n, where /c > is fixed. 
Then define the oriented K-border dQn '■= Z]j,/(^l)'[^'o,n- •••) "^i-i^iv '^i+i,ny "^^.J- 
Consider Qn for each n such that if dim-i^{sj^n H Sji.^) = k — 1 for some j ^ j', 

then Sj^nf^Sj'^n = [Vo^m '^/-l,n> '^/+l,n> '^k,n] — bo,n) '^/'-l,n> '^/'+I,n5 •••5 ^k,n] 

and (/ — /') is odd. For each n choose a set of vertices generating of 
minimal cardinality and such that the sequence : n} converges rela- 

tive to the distance function d{S,B) := max(sup^g5p(a;, 5), sup^gp p(6, 5)), 
where p{x, B) :— inf^ge p{x, b) and p{x, b) :— \x — b\. Then by our definition 
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dfl := lim„^oo<9i^n- 

Evidently, each clopen compact subset ^2 has such decomposition into 
simphces and the described 9Q, since Q is the finite union of balls, but for 
two balls Bi and B2 in (K©aK)'" either C B2 or B2 C Si or Si = 
due to the ultrametric inequality and each ball B has such decomposition 
into simplices as described above. 

2.2.4. We say that a subset Q in ACK © aK)"^ encompasses a point z if 
z eQ. 

For the unit ball relative to the metric p{zi,Z2) := \zi — Z2\ let its non- 
Archimedean canonical oriented K-border (9c-Bp(K©Q;K, 0, 1) be given by the 
set [(-/?, -/?), {(3, -/5)]U[(/5, (3)p[if3, f3), {-[3, /3)]U[(-A 

where [a, 6] := {z G K©aK : ^ = {l-t/(3)a+{t/P)b,t e B(K,0, 1)} for each 
a, 6 e K © aK. Then ^^^((K © aK)"^, 0, 1) := UI^i ^(K © aK, 0, 1)'-^ x 
dcB(K © aK, 0, 1) x B{K © aK, 0, (9cS((K © aK)"*, q'') :^ z + 

7r-'=9cS((K © aK)™, 0, 1). This is the particular case of §2.2. 

A continuous mapping 7 : B(K,0, 1) A(K(a))"* is called a path. We 
say that 7 encompass a point z G A(K(a))™, if 

(i) ^ e Q, where dD, — 7, dimj^Vl — 2, 

(n)^^7(5(K,0,l)), 

(m) 1^1 < supggB(K,o,i) |7(^)l for ^ 7^ A, supegB(K,o,i) |7(^)l < 00 for 
^ = A. 

A path 7 we call a locally affine, if there exists a finite partition Z of 
7(S(K, 0, 1)) such that 7 = Ur=i '^^ where Z := {zq, ^i, Zn], n := [zi_i, zi] 
for each I — l,...,n. We consider the family J^g of all paths 7 for which there 
exists a sequence {7„ : n} C JF^ converging relative to the distance func- 
tion d'{S,B) := max(sup^g5 p'(x, S), supf,g^ S*)) to 7 in (A(K(a))™, p') 
and such that there there exists a homeomorphism 1/ of 7(S(K,0, 1)) with 
i?(K, 0, 1) and u is a, piecewise pC^+^-diffeomorphism with it, where Ta de- 
notes the family of all locally affine paths, 5 e N. In addition we take Q and 
7 such that 7 = dfl in accordance with §2.2. 

Since AK(a)™ and A(K©aK)™ are compact, then a clopen compact set 
fl in y4K(a)™' or in A{K. © aK)"* is homeomorphic with a clopen compact 
subset K,{Q) in K(a)"' or (K © aK)*" respectively (see Theorem 6.2.16 and 
Corollary 6.2.17 about universality of the Cantor cube for zero dimensional 
spaces [5]), where k : Q ^ k,{Q) is the homeomorphism. Therefore, we can 
consider qP", dQ and ^n-P" induced by k of such sets Q also. 

2.2.5. Let M be a C^+^^'^^-manifold of dimension k over K such that 
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^= (g,n-l), where spaces C^(K",K^) := ^ K*) and C«-manifolds 

and uniform spaces C^{M,N) of all C^-mappings f : M ^ N were defined 
in §1.2.4 [12], 0<geZ, 0<neZ, pCt^°'^\^,i^'') := P"(C«(1], L^)) 
and pC«+(0'i)(Q,L^) := pCo^+^°'^^(Q, L^) was described in Lemma 3.4 
[14]. Suppose that charts {Vj,(f)j) of the atlas At{M) of M are such that Vj 
are clopen in M, [jjVj = M, (pj : Vj 4>j{Vj) C U'' arc homeomorphisms 
on clopen subsets in U'^, where (pij := 0j o (f)J^ e p,xiC^^^^'^^ fl C^(Wij, K^) 
for each i ^ j with fl L'j- 7^ and each coordinate xi induced from K, 
I = 1,...,A;, ly,,,- := dom{<t>i,i), p,,,C«+(1'0)(Q, := t;P,"^(C«(Q, y))ey for a 
Banach space Y over L, K C L. Then we call such M the ^C^+^^'^^-manifold, 
such mappings </),j J we call the ^C^+'^^'^-'-mappings. Then sC^^''^''^\^,Y) : = 
{/ G : G p,,,C«+(i'0)(n, F) for each / = 

where y is a Banach space over L. In particular, sC^"'"(^'°)(t/, F) = pC^+*^°'^''(t/, F) = 
pC"?+"(C/, r), but for dimK^l > 1 these spaces are different 5C^+(i'°)(n, F) 7^ 
pC^+(°'^)(Q,y). Tensor fields over M were defined in §§3.1 and 3.5 [14]. 
Then the bundle of r-differential forms is the antisymmetrized bundle '^r '■ 
AJ'M — s> M of the bundle : T^M — M of r-fold covariant tensors. 

Consider the ^C^+'^^'^'^-diffeomorphism : r — >• 0(t), that is, is surjec- 
tive and bijective with and e 5(7^+^-^'°^ where 

{i) T = [^;o,^^i] X [vi,V2\ X ...[vfe_i,Vfc] 
is the parallelepiped in K*^, vectors Vi — vq, ...,Vk — Vq are K-linearly inde- 
pendent. Then for a /^-differential C*^°'"~^'*-form w on 0(t) define 

(1) 0(r)P"w:= ^P>*w, 

where 0*w is the pull back of w such that 

(2) 0(T-)P"t(; = for dirriKT ^ k, 

since w = for A; > dim-j^M. Without loss of generality take G f/ and 
cro(O) = 0, then o";(0) = for each / G N, consequently, [7P"|{o} = 0. 
Therefore, ;7mP'^|([/mnKfex{o}'"-'=)'"^ = for A; < dirriKfl = m. Each such par- 
allelepiped is the finite union of simphces satisfying conditions of §2.2.3. The 
orientation of dr is induced by the orientations of constituting its simplices 
which are consistent. Consider such parallelepipeds Tj^g^i with I — 1, b{q) G 
N and 

(ii) dimK(T"j,g,/ fl Tj^q^r) < k for each / 7^ /' and 
(m) cl{\JgKj^q) = (f)jiVj), where 

(iv) U?=l Tj,q,l =: Kj^q, 

{v) lim5_^oo max; diam{rj^q^i) = 0. 
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Since ,P"-v+ ^ ,P"-v = r- ,ur .P'^v for each differential C'^'^'" — k- 
form V with support in f/^' and each / 7^ /' and [/feP" is the continuous 
operator from C(°'"-^)(^7^ L) to C(°'")(f/^ L) then there exists 

{vi) hm,^,oES r,„,P"^=: ^,(v^,)i^"^- 
Using transition mappings and considering clopen disjoint covering 
ivii) Wj := Vj \ Vj of M we get 

independent on the choisc of local coordinates in M. Mention, that since 
1/9 1 = 1, then B{K},z,r) can be represented as the parallelepiped with the 
desribed above K-boundary df.B{K.\ 2;, r) due the ultrametric inequality. Due 
to {vi — viii) there is defined ^P"f for locally affine path 7, which is the 
pC^-manifold, that will be supposed henceforth. 

Each compact manifold M has a finite dimension over K and using Wj 
we get an embedding into for some 6 e K. Let : Q — > M be such 
that (f) is surjective and bijective, (j) and G 5(7^+'-^'°-', which means that 
0^- o G sC^^'^^'^\<p-\Vj),K.^) and 0-^ o g 5C«+(^'O)(0j(\/j), K*^) for 
each j, where 0~^(M) = ^2 C f/'^ satisfies conditions of §2.2.3. Such (j) we call 
the 5C^+*^^'°^-diffeomorphism. Then M is oriented together with Vt. Then 
dM :— (f>{dO.) is the oriented boundary. We also can consider the analytic 
manifold M and the analytic diffeomorphism (j). Each compact C^-manifold 
M can be supplied with the analytic manifold structure using a disjoint 
covering refined into At{M). 

2.2.6. Theorem. Let M be a compact sC^ or pC^ -manifold over the 
local field K with dimension dimviM — k and an atlas At{M) = : 
j — 1, ...,n}, where ^ = {q,n), l<gGN, 0<neZ, then there exists a 
sC^ or pC^-embedding of M into K"^ respectively. 

Proof. Let {Vj,(j)j) be the chart of the atlas At{M), where Vj is clopen 
in M, hence M \ Vj- is clopen in M. Therefore, there exists a sC^ or pC^- 
mapping -0^ of M into K*^ such that ^^(M \Vj) = {xj} is the singleton and 
ipj : Vj —>■ ipjiVj) is the 56*^ or pC^- diffeomorphism onto the clopen subset 
ipj{Vj) in K'^ correspondingly, Xj G K*^ \ ■0^(1^), since the operator mP"' is 
K-linear, mP"'^ = and the covering {Vj : j} of M has a disjoint finite 
refinement {W^ : A;} such that P^^[f] = P,^[Efe/XiyJ = EkPi\[fXw,] for 
each / G C(«'"-i)(M,K) and each coordinate xi (see §2.1 and §2.2.5). Then 
the mapping ip{z) :— {ipi{z), ■0n(-2^)) is the embedding into K"'^, since the 
rank rank[dzip{z)] — k at each point z G M, because rank[dzipj{z)] — k for 
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each z E Vj and dimj^iljiyj) < dimuM = k. Moreover, ip{z) ^ ip{y) for each 
z ^ y E Vj, since ipj{z) ^ Wj{y)- li z E Vj and y E M \ Vj, then there exists 
I ^ j such that y eVi\Vj, ipj{z) ^ ipjiy) = Xj. 

2.3.1. Theorem. Let M be a compact oriented manifold over K of 
dimension diniK M = k > with an oriented boundary dM and let w be a 
differential {k—l)-form as in ^2.2.5 such that its pull hack 4>*w is a differential 
{k-1) sC^^'""-^^ -form, th en 

(1) uP^'dw^ qmP^'w. 

Proof. Since M is the manifold of dim-KM = k > 0, then M is dense 
in itself and compact, hence Q is dense in itself and compact (see Chapter 1 
and Theorems 3.1.2, 3.1.10 [5]) and the approximation of the identity can be 
applied to fl. In view of Formulas 2.1.(1 — 4) and 2.5.(1, 2) on the space of 
differential forms operators uPxg uPx^ commute for each 1 < g, s < A;. 
Then 

ii) uP'^ft = - uPV\l where uP^t ■= uP^ip) - uP'^fia). Us- 
ing conditions imposed on the manifold M, partitions of f2„ into unions 
of parallelepipeds, which are finite unions of simplices as in §2, Formula 
(i) and 2.5.(1), also using the limit 2.5. (vi) and Formula 2.5. (mii), it is 
sufficient to verify Formula (1) for a parallelepiped and an arbitrary term 
ip := f{z)dzi A ... A dzq^i A dzqj^i A ... A dzk corresponding to the differen- 
tial {k — 1) s'C*-^'"^^-'-form (j)*w. Consider in K'^ the standard orthonor- 
mal base ei,...,efc, where ei := (0, 0, 1, 0, 0) is the vector with 1 in 
l-ih place. Without loss of generality using limits we can take the paral- 
lelepipeds T = [vq, Vi] X ... X [vk-i,Vk] with vi — vi_i = XiCi for each I — 1, .., k, 
where ^ A/ e K. Therefore, df {z) = {-l)''-^{df{z)/dzg)dzi A ... A dz^. 
Since / G 5C(i'"-i), then uP:g{df{z)/dzX = fi^i, 6, ...,Zk)- 
f{zi,..., Zq-i, a, Zq+i, ...yZk) for each I = 1, ...,k. Consequently, 

[a) T-P^dl/j = (—1)"^ ^ [vo,Vl]X...[Vg-2,Vq-l]x[Vg + l,Vq + 2]X...[Vk-l,Vk]P^dZlA...AdZq-lA 

dzq+i A ... A dzj, [^^_-,^^^]P''{df{z)/dzq)dZq 

~ [vo,vi]x...[vg-2,Vq-i]x[vg+i,Vq+2]x...[vk-i,Vk]P"'{fizij •••! ^y-lj "^c? ! dZq^i, dZk) — 

f{zi, Zq_i, Vq_i, dzq+i, dzk)}dzi A ... A dZq^i A dZq+i A...AdZk 
for each q = 1, k. In view of 2.5.(2) ant iderivat ions of ip by others pieces 
(-l)^"^[wo,fi] X ...[vs-2,Vs-i] X {{vs} - {vs-i}) X [vs,Vs+i] X ...[vk-i,Vk] Cor- 
responding to s ^ q oi the K-border are zero. 

2.3.2. Corollary. Let M be a compact oriented manifold over K of 
dimension dimK M = k > with an oriented boundary dM and let w be a 
differential {k — 1) C^^'^~^^ -form as in %2.2.5 such that its pull hack (j)*w = 
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En<...<j,_Jh,...,j,^^dzj, A ... Adzj^_^ has fj,,....,j,„, m p^,f^{U,V) by the 
variable zj for each j such that j G {1, k} \ {ji, ...,jk-i}, then 
(1) uP^'dw^ duP^'w. 

Proof. Repeating the proof of Theorem 3.1 for each term fji,...,jk_idzj^ A 
...A dzji^_^ of w and applying Formulas 3.1.(i, ii) we get the statement of this 
corollary. 

2.4.1. Remarks and Notations. Let / G C^(K(q;),F), where y is a 
Banach space over L, L is a field containing K.{a) such that L is complete 
relative to its uniformity, the multiplicative norm in L is the extension of 
the multiplicative norm in K(«). As the Banach space K(q;) over K is 
isomorphic with K*", where 2 < r G N. Consider such structure over K. 
Then each ( G K(q;) we write in the form ( = x + ay, where a; G K, 
y G K^~^. Denote hy x — ay the so called conjugate element to C- Then 
x= {C + C)/2 and y = {( - C)/{2a). Therefore, _ 

(i) dfiC, Q/dx = dfiC, C)/dC + dfiC, C)/dC and 

(ii) dfiC, OJdy = adf{C, Q/dC - adf{C, 0/dC, consequently, 
(m) dfiC, O/dC = [dfiC, 0/dx + a-'dfiC 0/dy]/2 and 
{w) dfiC, C)/dC = [dfiC, 0/dx - a-'dfiC, 0/dy]/2. 

In particular, the external differentiation of differential C^-forms w on a 
clopen subset Q in (K © aK.)"^ has the form 

(v) dw = dw + dw, where 

(m) w = Ei,jWi,jiCX)dC''' AdC': 

{vtt) dw = Ei,j,i{dwi,j/dCi)dCi A dC' A dC', 

{viii) dw = (-1)1^1 j:i,j,i{dwij/dCi)dz^ AdC^AdC'^ , where dC^^ := dd.A 
...AdCj^, dC^-^ := dCj-^A...AdCj^, I < Ii < ... < h < m, I < Ji < ... < Jc < m, 
such that w is the (6, c)-form with coefficients ivj^j G C^{fl,Y), \I\ b. 
If r > 2, then the differential s-form w can be written as 

{ix) w = T,j,\j\=s'Wjdz^-^ , z = {zi, ...,Zrm), Zi e K for each I = 1, ...,rm, 
dz^'' := dzj^ A ... A dzj^, 1 < Ji < ... < J, < rm. Let A(K(a)™) de- 
note the Grassmann algebra (exterior algebra) of K(«)™', where K(a) is 
considered as a K-linear space, A(K(q;)™) = 0[™q A'(K(a)™). Then w G 
C«(0,L(A(K(a)"*),F)) is the differential form, since the space (K(a)"^)* of 
K-hnear functionals on K(q;)'" is the space isomorphic with K(q;)'" due to 
discretness of Fk, where L(A(K(q;)"*), y) is the Banach space of K-linear 
operators from A(K(q;)™') into Y. 

Consider u such that cu C E, where E := {z G K(a) : \z\ < p^^^^~'''^}, 
since exp is the bijective analytic function on E, therefore, we put 
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{x) exp(cj) = Q, that is, u = log{Q) for 1] C 1 + E (see §§25 and 44 
[22]). Henceforth, if on a manifold M there will be considered functions / 
having the property df — 0, then it will be supposed that d(j)ij — for each 
transition mapping (pij, if another will not be specified. 

Consider an extension of log. Denote by Cp^ := {z G Cp : 1^; — 1| < 1} 
and K(a)+ := K(a) n Cp^. Then K(a)+ is the Abelian subgroup in the 
additive group Cp^ and Cp^ := Cp\{0} is the Abelian multiplicative group. 
The group Cp^ is divisible, that is, for each y e Cp^ and each n e N there 
exists X G Cp^ such that = y. Let X be a proper divisible subgroup 
in Cp^ such that Cp^ C X. Let G be a subgroup generated by X and 
y G Cp^ \ X. Suppose ^ X for each n G N, then for each g E G there 
exist unique n G Z and x E X such that g = y^x. Choose z G Cp, then 
put Log{g) :— nz + Log{x). The second possibility is: G X for some 
n G N, n > 1. For each g E G there exist unique n G {0,1,.. .,m — 1} 
and X E X such that g = y'^x, where m := miUj^ngj^^.^gN n. Since Cp is 
divisible, there exists z G Cp such that Zm = Log{ym), therefore, define 
Log{g) := nz + Log{x). Using the Zorn's Lemma we can extend Log from 
Cp"*" on Cp^ . In particular we can consider values of Log{i) and Log{a) using 
identities Log{l) = 0, = 1, a"^ G K, a" = 1 for some minimal n G N. 
In view of Theorem 45.9 [22] wc can choose an infinite family of branches of 
Log indexed by Z. For the convenience put Log{0) := A. 

From the consideration above it follows, that the extension Exp of exp 
on Cp and the extension Log of log on Cp \ {0} can be chosen such that 
directed going (defined by going from to /9 in linearly ordered B(K,0, 1), 
see §2.2) by the oriented loop dcB (K{a) , , p^"^) changes a branch nLog of 
Log on 1 in the following manner: n+iLog{x) — nLog{x) =: d ^ for each 
n G N, where Exp{6) = 1, 5 is independent of n. This is possible, since 
algebraically Cp and C are isomorphic fields [10], also points p^(— 1,— 1), 
p2(l, -1), p'^{l, 1) and p2(i, -1) belong to dcB{K{a), 0,p-^). 

2.4.2. Theorem. Let M be a compact sG^'^''^^ -manifold over K satis- 
fying conditions of ^2.2.5 and ^2.4-1 for which 0~^(M) = f2 C K(q;) with a 
K-boundary 7 := dM, dimi^M = 2, 2 < r G N, < g G Z, 1 < n G N, then 
there exists a constant 7^ C := Cn{oL) G K(q), such that 

(1) f{z)^G-^ ^^pn|j(^)(^_^)-l^^|_^-l ^pn{(Bf^dC)/{C-z)} 

for each 

(2) fi{z + Exp{r))) —. tp{rj) G sG^^'''~^\uJe,Y) and each marked z e M 
encompassed by 7, 
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each € = ej, < ej for each j G N, {ej : j} is a sequence in Fk with 
Imij^ooCj = 0, /i := /o0, where ui := u!{z) := {rj G K(q;) : z + Exp{rj) G 
a;^ := a; \ Log{B(K{a), z, e)), z G Q. Moreover, C„(q;) = Ci(q;) = 5 /or each 
n G N. 

Proof. Using the ^C'-'^'^^-diffeomorphism reduce the proof to the case 
of / on Q. Consider the differential form-iu := f z)~^d( on then 

dw = —{C — z)~^{df/dC)dCAdC. Let s G Z be such that inf^^an \C~z\ = Kl"*- 
Take the change of variables ( — z + Exp{r]), hence {( — z)~^d( — drj; also 
take / > s, then from Corollary 2.3.2 and §§2.2.5, 2.4.1 it follows 

since /i(z+Exp(r/)) =: G sC^'^'"'~^K^e,Y) and from e sC'^^'''~^\^e,Y) 
it follows il^ix, y) G P,xC(°'")(c;e,c., and ^(x, 2/) G p,j,C(°'")(a;e,j„ Y) for each 
e = Ej and for each a;,|/, where z — {x,y), cue^x — T^xi^^e), '^e,y = T^yij^e)-! 
TTj; : K © oK — > K and tTj^ : K ® aK — > aK are projections, y is a 
Banach space over L such that K(q;) C L. The differential form w can 
be written as w = f{()dLog{( — z). From Log{xz) = Log{x) + Log{z) 
for each x,z E Cp^ it follows, that directed going by the oriented loop 
dcB(K{a), 0, |7r|') changes a branch nLog of Log on 1 in the following man- 
ner: n+iLog{x) — nLog{x) —: S for each s G Z. In view of §2.4.1 there 
exists 

limz^oo 9.s(K(aUKn^"w =: C„(a)/(z). Finally nP"((C " ^)"W(C) A 
d() = - nP"((C - z)-\df{C)/dC)dC A dQ, where for short we write / = 

/(C) = /(CO- 

In view of Formulas 2.1.(2,3) and the non-Archimedean Taylor formula 
for C"-functions (see Theorem 29.4 [22]) 

such that there exists a constant < 6 < oo for which |e(7r')| < 6|7r|' for each 
I G N. On the other hand, due to the Taylor formula for C^-functions and 
Formulas 2.1.(2,3): 

d.B{Kia),zM)^^\-^^^9{C -z)]=S + ri{n^), 
where limi^ooVi'^'') — 0- Therefore, C„(a) = Ci{a) = 6^0. 

2.4.3. Corollary. Let suppositions of Theorem 2.4-2 be satisfied for each 
z & M encompassed by dM, then df{z)/dz = for each z & M encompassed 
by dM if and only if 

(1) f{z) = C-i auPHfiOiC - ^)-'dC} 
for each z & M encompassed by dM. 
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Proof. If df /d( = on M, then the second term in Formula 2.4.2.(1) is 
equal to zero, that gives Formula 2.4.3.(1). Vice versa, let Formula 2.4.3.(1) 
be satisfied for each z E M encompassed by dM. Since (dz/dz) — 0, dz/dz — 
0, then d{{C — zy^)/dz = 0, consequently, df{z)/dz = 0. 

2.4.4. Corollary. Let suppositions of Theorem 2.4-2 be satisfied for each 
z & M encompassed by dM and df{z)/dz = for each z E M encompassed 
by dM, then f is locally z-analytic in a neighbourhood of each point ( in M 
encompassed by dM. 

Proof. Using the mapping we can consider Q instead of M. Let z E fl 
and B{K © aK, z,R) cQ such that < R< mi{\z -y\ -.y e dfl}. Consider 
X e B(K © aK, z, R/p), then 

(C - x)-' = {C-z + z- x)-' = (C - z)-' E/=o(^ - zY/iC - zY e K(a), 
where C e B(K ® aK, z, R). Applying Formula 2.4.3.(1) we get: 

(t) fix) = C-i aeBP"((C - ^)-V(C)^^C) = EtZoi^ - zY aeB^KC - 

^)-'"7(C)rfC] 

for each x G -B(K © aK, z, R/p), since 

in) I d.BP%C-z)-^-'fiC)dC]\ < ||/||c"-i(acB,K(a)) max,- ,=o,...,n-i(i?^-'-VI(j + 
1)!|) 

and the series is uniformly converging on B(K. © aK, z, R/p), where B — 
B(K © aK, z,R), K © aK C K(a), hence f{x) is locally x-analytic. 

2.4.5. Definition. Let be as in §2.2.3. Two paths 70 : B{K, 0,1) 
and 7i : i?(K,0,l) — > Q with common ends 7o(0) = 7i(0) = a, 7o(/3) = 
7i(/9) = b are called affine homotopic in Q, if there exists a continuous map- 
ping 7(0;, y) : -B(K, 0, 1)^ f2 such that 

(i) 7(0, y) = 7o(i/), 7(/9, y) = li{y) for each y E B{K, 0, 1), 

{a) j{x, 0) = a, 7(x, (3) =h for each x G i?(K, 0, 1), 

{iii) there exists a sequence {'~in{x,y) : n G N} of continuous mappings, 
7„ : -B(K,0, 1)^ — > such that each 7„ is locally affine and {7^ : n} con- 
verges uniformly to 7 on S(K, 0, 1)^, where 7„(x, y) = (1 — a;//3)7„(0, y) -|- 
X'~fn{f3,y)/ f3 for each a; G -B(K,0,1), 7„(0,|/) and '~fn{f3,y) are locally affine 
(see §2.2.4). In particular, for a = b this produces the definition of afiine ho- 
motopic loops. We call Q (or M) affine homotopic to a point, if dfl (or dM 
respectively) is affine homotopic to a point z inO, (or 2; in M correspondingly, 
see §2.2.5). 

2.4.6. Theorem. Let conditions of Theorem 2.4.2 be satisfied for each 
z E M and let M be affine homotopic to a point, where df{z, z)/dz = for 
each z E M encompassed by dM. Then 
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(1) ,„P"[./rfC] = r.P^'UdC] 
for each two paths 70 and 71 which are ajfine homotopic in M. 

Proof. Using the diffeomorphism we can consider Q instead of M. For 
each e > there exists a finite partition of a suitable subset Vt^ into finite 
union of parallelepipeds of diameter less, than e in the proof of Theorem 2.3.1, 
where C {-2 G n : d{z^dVL) < e}, c/(Ue>o^e) = ^- view of Corollary 
2.4.3 = /(z)(^-C)U=c = C{a)-^ diP^'UXOdQ for each such parallelepiped 
^. Therefore, there exists a sequence {7; : /} of affine homotopy such that 
7i(0, y) and ji{P,y) are contained in the union U^cn^C ^^i each e/ = |7r|^, 
/ G N. Since ^,(o,*)P"'[/c?C] = 7i(/3,*)-^"[/'^C] ^or each / and taking / tending 
to the infinity we get (1) due to continuity of the operator P". 

2.4.7. Corollary. Let f satisfies conditions of Corollary 2.4-4 ^i^h 
B{Y.®a'K,z,R). Then 

(i) \f{x)\ < |C|-imax,,,=o,...,n-i(||/(^-^)||co(aeB,y)«!g)it:^-^-VO- + l)! 

< |C|-i/||c(.-i)(a,B,y)max,-,=o,...,n-i(i?^'-^-VO' + l)0- 
Proof. From 

^c/(C)(c - x)'' = Ei=o s\{^^ i-iyf^'-'KOic - xy'-' 

and \Ci+i — 01 < -R on dcB and §2.1 it follows Inequality (i). 

2.4.8. Remcirk. The field K is locally compact, then is not contained 
in K, where Tq is a group of all gr^-roots b of the unity: 6' = 1, / = g", n G N, 
q is the prime number, since dimQ^QpT^ = 00 for Qp C K and K would be 
nonlocally compact whenever Tg C K, which is impossible by the supposition 
on K. Therefore, there exists min{s G N : 6'^ G K, 6 ^ K, where 6 7^ 1 is the 
^s+i_root of the unity }. Hence there exists C ^ K such that (^^'^ ^ K. In 
particular, it is true for 5 = 2. Therefore, each local field K has a quadratic 
extension K(«) such that « ^ K. In the particular case K = Qp there exists 
the finite field Fp := R/P (sec §2.2.1). Then Fp \ {0} is the multiplicative 
group consisting of p — 1 elements. If p = 4n + 1, where 1 < n G N, then Qp 
contains i — (—1)^/^. 

2.5.1. Lemma. // / is locally z-analytic on M, where M is a locally 
compact C^^'"^^ -manifold satisfying conditions o/§§^.^.5 and 2.4-1, (l)~^{M) — 
Vt C K(a), dim^M = 2, 2 < r G N, then df{z,z)/dz = on M. 

Proof. Using the diffeomorphism (p we can consider Q instead of M. 
Since for each z G there exists < i? < 00 such that B :— i?(K © 
ckK, z,R) cQ and f{z, z) — Z^^o(C ~ z)'^fk on B, where fk G Y, then there 
exist df/dz and df/dz — on B. Since 2; G is arbitrary and such balls 
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form the covering of Q, then df /dz = on Q. 

2.5.2. Remark. Let n > 1, then (d/dz) oP" = / : C"-i(l],L) ^ 
C"-i(l^,L). But P^'d/dz ^ I on C"(Q,L), where P^'d/dz : C"(Q,L) ^ 
C"(Q,L). If pC"(n,L) would be dense in C"^(1^,L), then P"(i/d^ would 
have the continuous extension / on C"(r2, L), since P^d/dz is the continuous 
operator from C" into and P''''-{d/ dz)\ = Therefore, pC"'(f2, L) 
is not dense in C"(fi, L). On the other hand," C^{Q, L) = pC(J(fi, L) © A^i, 
where A^^ := {f e : f — 0} is the closed L-hnear subspace in (see 
Theorem 5.1 and Corollary 5.5 [23]). 

2.5.3. Theorem. Let f be a function on M overK. satisfying Conditons 
2.2.5 and 2.4.1 and ^ be a loop in M satisfying Conditions 2.2 A and let 7 be 
affine homotopic to a point in M, dim\^M = 2, (f)^^{M) = Q G K(q;), 2 < 
r e N, / satisfies Condition 2.4.2.(2) for each z & M and df{z,z)/dz — 
on M, then ^P'^f = 0. 

Proof. Let K be a submanifold in M such that dV = 7. In view of 
Theorem 2.4.6 ■yP"'[fd(] = ^^P"'[fdQ, where 7 and 7^ are affine homotopic 
and < diamine) < £• In view of continuity of the operator P" there exists 

lim,^o 7.^"[/c^C] = 0. 

2.5.4. Theorem. /// satisfies Condition 2A.2.{2), a manifold M over 
K satisfies Conditions 2.2.5 and 2.4.1 and M is affine homotopic to a point, 
dimj^M = 2, 2 < r G N and ^P"'f = for each loop ^ in M satisfying 
Conditions 2.2 A, then df{z^z)ldz = for each z E M encompassed by DM. 

Proof. Using the diffeomorphism we can consider Q, instead of M. 
Choose a marked point zq in M. Let be a path joining points Zq and 
z and satisfying Conditions 2.2.4. From ^P""/ = it follows, that qP^f 
does not depend on rj besides points zq = ri{0) and z = ri{(3), since each 
two points in Q can be joined by an affine path, hence it is possible to 
put F{z) := ^.^(o)=zo;^(/3)=2P"/ such that P is a function on Q. In view of 
Formulas 2.4.1.(i — iv), 

(t) dF{z)/dz = f{z). 
In view of theorem 2.4.2 

(zt) = ,P"(/(C)rfC) = -C-' t/P"((a/(c, 0/dC)dC A dC) 

for each submanifold y in M with the loop 7 = dV, dirriKV — 2. Since V is 
arbitrary, then df{z,z) — a,t each point z E M encompassed by dM. 

2.5.5. Corollary. Let conditions of Theorem 2.5.4 be satisfied, then f 

has an antiderivative F such that F' = f on M. 

2.6.1. Lemma. Let fl be a clopen compact subset in K*", then for 
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each y E ^ there exists a hall B such that y E B d and pC^{VL^Y)\b = 
pC^{B,Y)and sC^{^:Y)\b = sC^{B,Y) for each ^, where pC«(l], : = 
{9\b ■ 9 e pC«(Q,y)} and sCH^,Y)\b := {qIb : 9 e sCHn,Y)}, Y is 
a Banach space over L, ^ = {tjn), 0<n&Z, 0<t&Z,l<n for pC^, 
l<tfor sC^- 

Proof. Let a be an approximation of the unity in U. In view of §2.1 it is 
sufficient to consider the case m = 1. Choose R = p^'+^Z^ for sufficiently large 
s e N such that e S := B(K, 0,R). If x e B{K, y, R), then as{x) = as{y) 
due to 2.1. (Hi). Prom Formula 2.1.{ii) it follows, that ai{x) = ai{y) for each 
/ < s. Moreover, (Ji{x) =: xi E B for each / > s, since p*+^ < R < and the 
valuation group Fk := {|?|k : 7^ g G K} of K is discrete, since K is locally 
compact. Therefore, 

(i) [ uPV{x)]-[ bPV{x)] = EUn-Jof^'Kx,){x,^,-x,y^'/[{j+m 

for each / G C^{U,Y), where Xk = yu is fixed, and the term on the right- 
hand side of (i) is independent of x G -B, that is, constant on B. Hence 
g G pC^{U,Y) if and only if g\B G pC^{B,Y). From 2.1.(3) and x^Xb = 
Xb = Xo\b the statement of this lemma follows. 

2.6.2. Definition. Let a manifold M be satifying Conditions 2.4.2, 
/ G C('''"-^)(M,y), 0<?gZ, l<nGN, yiaa Banach space over L, 
K(a) C L. Then put in the sence of distributions: 

{i) MP'\gf') ■■= - MP^'ig'f) 

for each g G s'C*^^'"~^^(M, Y*) with supp{g) (Z M := {z E M : z is encompassed by dM}, 
where M ^ K(q;)^ (see Theorem 2.2.6), Y* is the topologically dual space 
of all L-linear continuous functionals 9 : Y ^ h, the valuation group Fl of 
L is discrete. 

2.6.3. Theorem. Let a manifold M satisfy Conditions 2.4.2 and let f 
satisfy 2.4.2.(2) for each z G M, then the function 

(1) u{z) := zCnia)-' aMP"[/(C)(C - z)-'dC] - C^ia)-' mP"[/(C)(C - 
z)-'dCAdC] 

is a solution of the equation 

(2) duiz)/dz = fiz) 

in the sence of distributions for each z E M encompassed by dM. 

Proof. The space pC(«''^)(M, F) is dense in C(«'"-^)(M, F). Indeed, for 
each 5 > and for each continuous function / o on O or a continuous par- 
tial difference quotient Wq := o ^(a;; /if*\ /i®*"*; Ci, Cg) 011 domain 
contained Qfl^^ x B{K, 0, 1)* with < t < (n — l)m, < < n for each 
j = l,...,m, t = Si + ... + Sm: x,x + (jhj G n, hj G V, Q G 5(K,0,1), 
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K is a neighbourhood of in K™, Q + V G Q (see [12]), m := dim-nM, 
there exists a finite partition of fi^^^ into disjoint union of baUs Bj such that 
on each Bj the variation var{wq) :— sup^y^^. \wq{x) — Wq{y)\ < 5, since M 
is compact and for each covering of M by such balls there exists a finite 
sub covering. Therefore, in F) the subspace ^(^'""^^(fi, F) of ah 

C*^^'"^"'^'(Q, y)-functions / such that W(^n-i)m corresponding to / is locally 
constant on the diagonal Al]("-i)"^+^ := {{y^ ...,y^n-i)m+i) e : 
yi — ... — is dense. Since the operator qP"' is continuous, then 

nP"(E(«'"-i)(Q,y)) is dense in Cj^'"~^^(Q, and 5E(«+1'"-i)(M, F) := 
{/ G 5C('?+i'-i)(M,F) : f = yi+ mP^.Qi V/ = l,...m,yi E Y., gi e 
E(9'"-i)(M,F)} is dense in 5C('?+i'"-i)(M, F). From 5S('?+i'"-i)(M, F) C 

5C(''+^'"-i)(M F) C pC('''")(M, F) C C(«'"-i)(M, F) it follows, that sC(«+^''^-^)(M, F) 
is dense in C^'^'"'^^\M,Y). In particular, take L such that K(q;) C L. Since 

pC^°'''\M,Y*) C {g' : g e sC^^'''~'^\M,Y*)} C C(°''*-i)(M, F*), then the 
family of functional { uP^ig'/) ■ 9 £ sC^^''^^^\M,Y*)} separates points 
of C('''"-i)(M,F), since Y* separates points of F for discrete Fl (see The- 
orem 4.15 in [21]). In view of Formula 2.6.2(i) it is sufficient to prove this 
theorem for f o (j){z + Exp{ri)) =: tlj{r]) E pC(°'")(a;e,a:, Y) n pC^^'''\uj,,y, F) 
for each e = €j, where u!{z) :— cu := {rj E K(q;) : z + Exp{rj) E fl}, z E fl, 
uj,^uj\ Log{B{K{a), z, e)), e = Sj, u;,^^ = 7r^(a;,), uj.^y := 7ry{uj^). 

Using the diffeomorphism we can consider fl instead of M. Choose 
a clopen ball B := B(K © K.{a), Zq, R) C fl containing a point Zq E fl 
and its characteristic function x '■= Xb- Then {fx)i E pC^^'^'-\bx,Y) fl 

pC(°'")(6j^, F) for suitable < i? < oo, where b :^ {rj E K{a) : zo+Exp{n) E 
B}, bx := Tixib), by :— 7ry{b) (see Lemma 2.6.1). Using the affine mapping 
z {z ~ Zq) we can consider instead of Zq. Then B is the additive group. 
We can take R> sufficiently small such that each point of B is encompassed 
by dfl. Therefore, 

(3) u — ui + U2, where 

(4) u,{z) := C-'z Q^pn[f{Q{C-zr'dC]-C-' nPlx(C)/(C)(C-^)-'rfCA 

d(], 

(5) u^iz) := -C-i nP%l - x(C))/(C)(C - ^)-'dC A dQ. 
From (5) it follows, that du2{z)/dz = on 5. From (4) it follows 
u,{z)=C-'z anP^[f{0{C-z)-'d(\ 

-C-i nPlx(C + ^)/(C + ^)C-'^^(C + ^) A ^^(C + z)] 

for each z E B, since B -\- B — B <zfl. Since dcB encompasses z and 
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for each z E B with |-2 — 1/| < R due to Formula 2.4.4. (ii) for this antideriva- 
tive, then 

(6) d{ a,i?P"[/(C)(C - z)-^dC]}/dz = 0. In view of Formulas 2.1.(1 - 4) 
and §2.2.5 

du,{z)/dz = aQP"[/(C)(C - ^y'dC] 

-C-' nP''{[dc+z[x{C + z)f{C + z)]C-' A d{C + z)}, consequently, 
du,{z)/dz = anPl/(C)(C - z)-'dC] 
-C-i nP^mxiOfiO) A dQiC - z)-'}. 

In view of Theorem 2.4.2 we get the statement of this theorem, since B and 
y are arbitrary forming covering of each point z E Q encompassed by dQ. 

2.7.1. Definition. Let M be a manifold over K satisfying Conditions 
2.4.2. If / e C(«'"-i)(M,y) and for each loop 7 in M ^P"/ = 0, then we 
call / {q, n)-antidcrivationally holomorphic on M, where F is a Banach space 
over L, K(a) C L. If / G C(«'")(M, Y) and df{z) = for each z e M, then 
/ we call derivationally (g, n)-holomorphic. 

2.7.2. Theorem. Let Q be a clopen compact subset in (K © aK)™. 
Consider the following conditions. 

(i). / satisfies 2.4.2.(2) anddf{z) = for each z E fl with zj encompassed 
by dflj for each j = l,...,m, where flj — 'n'j{fl), 'n'jiC) — Cj fof each C = 
(Ci,-,Cm), Cj e K©aK. 

(a), f is {O,n)-antiderivationally holomorphic on 
:— {z E fl : Zj is encompassed by dflj Vj = 1, m}. 

(Hi), f e C^°'''~'^\Q,Y) and for each polydisc B ^ B^x ... x B^ C Q,, 
Bj = S(K(q;), zqj, Rj) for each j — 1, m, f{z) is given by the antideriva- 
tive 

(1) f{z) = C(a)-™ aB,P«... as^p-[/(C)(0-zi)-i...(C™-^„.)-irfCiA... A 
dCm] for each z & B with zj encompassed by dBj for each j. 

(iv) f is locally z-analytic, that is, 

(2) f{z) = ^i^a,k{z — C,Y i'n some neighbourhood of ( E Cl, E Y, 
k = {ki,...,km), 0<kj e Z, z^ := z^\..z^, z = (^i,...,^J, zj e K{a). 

{v) feC^{n,Y). 

(vi) f E C*^°'"'~^^(r2, F) and for every polydisc B as in {Hi) and each 
multiorder k as in {iv) derivatives are given by 

(3) d'jiz) = k\C{a)-^ 9B,P''... ^B^PV{0{Cl-Zl)-^'-\..{Cm-Zm)-^--^dC,^ 

... AdCJ. 

{yii) the coefficients in Formula (2) are determined by the equation: 
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(4) a, = d',f{z)/k\. 

{viii) The power series (2) converges uniformly in each polydics B G 
with sufficiently small b :— max(i?i, Rm, !)• 

Then from (i) Properties {ii — viii) follow. Properties {Hi) and (vi) are 
equivalent. From (Hi) Properties {iv , v , vii , viii) follow. In the subspace 
{/ e Y) : f{zu zi^u zi + Exp{r]), Zi+,, zj =: Mv) 

G sC^^'^^~^\uji^^,Y) for each I = 1, ...,m and each e = €j}, 
where ui := uji{z) := {rj e K{a) : {zi, zi-i, zi + Exp{r]), zi+i, Zm) e Vt), 
ui^e '■= \ Log{B(K{a), zi, e)), z & ft, Y is a Banach space over L such that 
K(q;) C L, Properties {i — iv) are equivalent. 

Proof. From (i) it follows (iv) due to repeated application of Corol- 
lary 2.4.4. From (i) it follows (Hi) due to repeated application of Corollary 
2.4.3. Others statements follow from Theorems 2.5.3, 2.5.4, Lemma 2.5.1 
and Formulas {i,ii) in §2.4.4, since from Formula (3) it follows 

(5) \d'Jiz)/k\\ < |C(«)|-™sup^,^,|9i/(C)|maxa6l'H'=l/(/ + e)!] < oo, 
where / = {h, Im), < Ij E Z, Ij < n for each j = 1, ...,m, \l\ = /i + ... + /„, 
e := (1, 1) G Z"", b := max(i?i, ...,Rm). The series (2) with Ofc given by 
(4) converges uniformly in B, when limfc|afc|^/''^'6 < 1. 

2.7.3. Corollary. Spaces C''*(f2, K(q;)) of locally analytic functions 
/ : — > K{a) and the space C*^'^'"^''^'*(f2, K(«)) of all derivationally {q,n)- 
holomorphic functions are rings. If f is derivationally {q,n)-holomorphic 
and / 7^ on fl, then 1// is derivationally {q,n)-holomorphic on fl. 

2.7.4. CorollEiry. // / satisfies Condition 2.4.2.(2) and there exists 
C G encompassed by dD, such that 9^/(C) — for each k, then there exists 
a polydisc B G fl (see ^2.7.2) such that f = on B. 

Proof. In view of Theorem 2.7.2 there exists a polydics B such that on 
it Formulas 2.7.2.(2,4) are accomplished. 

2.7.5. Remark. uP^'z^H ^ (6*^+^ - a*^+^)/(A; + 1) for each a^beU, 
where A; > 0. In view of Corollary 54.2 and Theorem 54.4 [22] and [1] the 
spaces C''^(fi,K(a))nC««'")''^^)(fi,K(a)), C""(fi, K(q;)) n pC(9'")(n, K(q;)), 
{/ G C'"(n,K(a)) :f is (g, n)— antiderivationally 

holomorphic } are infinite dimensional over K(a), since the condition of the 
local analyticity means that the expansion coefficients a(m, /) of the function 
/ in the Amice polynomial basis Qm are such that lim|^|_>oo a(m, /) / Pm{u{m)) — 
0, where Pm are definite polynomials (see Formulas 2.6. (i — Hi) [16]). 

2.7.6. Theorem. Let fl and f be as in 2.7.2. (i). If ( is zero of f such 
that f does not coincide with on each neighbourhood of (, then there exists 
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n G N such that 

(1) f{z) = {z-cr9{z), 

where g is analytic and (p ^ on some neighbourhood of z. 

Proof. In view of Theorem 2.7.2 there exists a neighborhood V of ( such 
that / has a decomposition into converging series 2.7.2.(2). If = for each 
k, then fly = 0. Therefore, there exists a minimal k denoted by / such that 

/(^) = Er=/«fc(^-c)^ 

put g{z) ^EtLo^k+ii^ -()''■ 

Since o; ^ 0, then there exists a neighborhood ( & W G V such that g\w 7^ 0. 

2.7.7. Theorem. Let Q and two functions fi and f2 be satisfying 
2.7.2. (i) such that fi{z) = f2{z) for each z E E, where E d Vt and E 
contains a limit point (EE'. Then there exists a clopen subset Winfl such 
that C and fi\w — f2\w- 

Proof. Put / := /i — /2, then / satisfies Condition 2.7.2. (i) and f{() = 0. 
In view of Theorem 2.7.6 f\w = for some clopen W in Q, where ( G W. 

2.7.8. Theorem. Let f satisfy 2.4.2.(2) and f be derivationally (0,n)- 
holomorphic onil := {z G (K©q;K)™ : Ri <\z-^\ < R2}, where < Ri < 
i?2 < OO; Ri and R2 G Fk- Then 

(1) f{z)^j:,a,{z-0' 
for each z E Q with R2 > \z\ > Ri, where 

(2) a, = C{a)-^ a.Bn,.P''- aeBH,^^"[(Ci-6)-'^-'-(Cm-U-''"-V(C)c^CiA 

... AdCm] 

for each k E Z"", Ri < R < R2, Br^i := {^^ G K © aK : \zi - ^i\ < R}, 
k = {ki, km), ki E Z, I = 1, ...,m. 

Proof. Let 'n'i{z) = Zi for each z = {zi,...,Zm) G (K © aK)™, where 
ZiEK® aK. Then 7ii{Q) = {zi E K ® aK : Ri < \zi - < R2}. To prove 
the theorem consider / by each variable zi. That is, consider z = zi and 
m — 1. Let i?3 and R4 be such that Ri < R3 < R4 < R2 and z E W C fl, 
where W ^ {z E K ® aK : R^ < \z - ^\ < R4}. In view of Theorems 2.4.6 
and 2.7.2. {iv, vi) 

(3) fiz) = C(«)-i awPViOiC - z)-'dC] 
= C{a)-' ,^^^^pnif^Q^^_,yidC]-C{a)-' 8.b,,PV iOiC - z)-'dC], since 
W is the union l^iUVI^2, dimK{Wir)W2) = 1, where Wi and W2 satisfy 2.4.6 
and 2.7.2. The part of the path 71^2 in Wi fl W2 joining dcBji^ with dcBji^ 
and forming two paths 71 and 72 affine homotopic to points in Wi and W2, 
7i C Wi, 72 C W2, such that 71^2 is being gone twice in one and opposite 
directions. This gives (3). For each ( E OcBr^ we have \ {z — ^){( — ^)~^\ < 1, 
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hence (C - = ET=oi^ - O'^iC - 0"^'^^ and inevitably 

where = C{a)-' d.Bn.P'ViOiC - ^-'-'dQ for each < k e Z. 

If C e d,Bn„ then |(C - Oi^ - O^'l < 1 and (C - z)-' = -Er=i(C - 
— C) '^^ hence due to continuity of 
-C{ay' a.Bn.P^ifiOiC - z)-'dC] = EZi ^-k{z - 

where a_k = C(q;)"^ dcBn^P'^if {(,){(, - 0^~^^C] for each k > 1. In view of 
Theorem 2.4.6 we get Formula (2). 

2.7.9. Definitions. A point z e A{K. © oK) is called an isolated 
critical point of a function /, if there exists a set i?(K © aK, z, R) \ {z} for 
z ^ A, and {C € K © oK. : i? < |^| < oo} for z = A, on which / is (g, n)- 
antiderivationally holomorphic. An isolated critical point z of the function / 
is called removable, if there exists a limit lim^^;^ /(^) = G F; it is called a 
pole if there exists lim^_»2 ||/(C)|| — ooj it is called essentially critical point, 
if there exists neither finite nor infinite limit point, when tends to z. 

2.7.10. Theorem. Let f satisfy 2.7 .2. {%) onQ\{z}. A point z e\^®aK 
is removable if and only if decomposition 2.7.8.(1) does not contain the main 
part: 

« /(c) = Er=o«fe(c-^)^ 

2.7.11. Theorem. Let f satisfy 2.7.2. (i) onil\{z}. An isolated critical 
point z G K © aK is a pole if and only if the main part of series 2.7.8.(1) 
contains only a finite and positive number of nonzero terms: 

(^) f{C) = Ek=-Nak{C-z)',N>0. 

2.7.12. Theorem. Let f satisfy 2.7.2.(i) for Y = K{a) onQ \ {z}. 

An isolated critical point z of f is essentially critical if and only if the main 
part of series 2.7.8.(1) in a neighborhood of z contains an infinite family 
{ak 7^ : A; < 0}. If z is an essentially critical point of f , r = 2, that is, 
K(q;) = K © oK, then for each ^ G /lK(a) there exists a sequence {zn : 
n G N}, hm„^oo Zn ^ z such that lim^^oo fizn) = ^• 

The proof of these latter three theorems is analogous to the classical 
case (see, for example, §11.7 [25]) due to the given above Theorems 2.7.2 and 
2.7.8. 

2.7.13. Definition. Let / G C(«'")(1],F) and B := B(K®aK,z,R) C 
Q, < i? < oo, / is (g, n)-antiderivationally holomorphic on S \ {z}, then 

(i) res J := C{a)-' d^sPViOdQ 
is called the residue of /, where F is a Banach space over L such that 
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K(a) C L. 

2.7.14. Theorem. Let f satisfy 2.7.2. (i) on \ Ur=i{^J such that dn 
does not contain critical points zi of f and all of them are encompassed by 
dn, z/ G N. Then 

where res^J' is independent of n and R in 2.7.13, 
(a) reszj' = a_i, is as in 2.7.8.(1). 

Proof. In view of Theorems 2.4.2 and 2.4.6 C{a) = C„(q;) is independent 
of n and reSzJ is independent of n and R. From 2.7.8.(2) it foUows {ii). 

2.7.15. Definition. Let / G C('?'")(n, Y) and let >1 G Q C A(K © oK) 

be the isolated critical point of /, put 
resAf := -C(a)-SBP"[/(C)c^C]- 

2.7.16. Theorem. Let f satisfy 2.7.2.(i) on (K © aK) \ {fi=i{zi], then 

ii) resAf + T.UreSzJ = Q. 

Proof. Take a ball Br ■= -B(K©aK, 0, R) of sufficiently large < i?o < 
R < oo such that it contains all {zi : I = l,...,z/}, Q = A(K © aK.) and 
K{n) C K © ctK (see §2.2.4). In view of Theorem 2.7.14 

(tt) d,BRP-[f{QdC] = Y.UreSzJ 
and it is independent of R for each R > Rq, R < oo. In accordance with 
Definition 2.7.15 and Theorem 2.4.6 

(m) a.B«P"[/(C)c^C] = -resAf. 
Therefore, from {ii,iii) it follows (i). 

2.7.17. Definitions. Let / G C(«'")(Q, K(a)) and let / be {q,n)- 
antiderivationally holomorphic on S(K©q;K, z, R)\{z}, where Q C K©q;K, 
f{z) ^ 0. Then 

reSzf'{z)/ f{z) is called the logarithmic residue of / at the point z. Let 
us count each zero and pole of / a number of times equal to its order. 

A function / is called (g, n)-antiderivationally meromorphic, if it is (g, n)- 
antiderivationally holomorphic on Vt besides a set of poles. 

2.7.18. Theorem. Let f he {q,n)-antiderivationally meromorphic on Q 
and let Log{f ) satisfy 2.7.2. (i) on Q \ \Ji^i{zi}, where zi is the pole of f for 
each I = 1, all zeros and poles of f are encompassed by dfl, Y = K(a). 
Then 

(1) TV - P = C{a)-' 9aP^[dLog{f{0)], 
where N and P denote total numbers of zeros and poles in fl. 

Proof. Since fl is compact, then N and P are finite. In view of Theorem 
2.7.8 
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(2) 9nP''[dLogif{())] = Y^Ures^^LogU) + T.Ures^,LogU), 
where zi is the pole of / and E,i is the zero of / for each /. On the other hand, 

nz)/f{z) = [k{z - iif-'<t>{z) + {z- m'm^ - = - 

Ci)-'[k<P{z) + {z-CiW{z)]/<P{z), 

where f{z) = {z — C^i)^(f){z), k — ki is the order of zero ^(2;) 7^ in a 
neighborhood of C,i- Therefore, 

(3) res^^Log{f) = k and res^^Log{f) = -si, 

where si is the order of pole zi. Hence, from (2, 3) it follows Formula (1). 

2.8. Theorem. Let Q be a clopen compact subset in, S((K®q;K)"*, y, R), 
< R < pV(i-p) , Suppose 

(i) fj{zi,...,zi^i,zi + Exp{r]),zi+i,...,Zm) := i^j,i{r]) '■ ^i,e ^ ^ belongs to 
gC^i+'^'^^^)(^uji^^^Y) for each j, I = l,...,m and each z = {zi,...,Zm) G ^2, 
where ui ^ {rj e K(a) : {zi, zi_i, zi + Exp{r]), zi+i, Zm) e n], w;,, = 
uji \ Log{B{K{a),Zi,e)), e = e^, < for each k e N, \imk^oo(^k = 0, 
0<qEZ, l<n&N,Yisa Banach space over L such that K(q;) C L. 
Assume: 

(1) dfj/dzi = dfi/dzj for each j, I = 1, m. 
Then there exists u e C(«'"-^)(Q, K(a)) such that 

(2) du{z)/dzj — fj{z) for each j — 1, ...,m and each z & Ct (see ^2.7.2). 
Proof. Define 

(3) uiz) ■.= C{ar'YT=iZ, aQ,P"[/,(^i,...,%-i,C,^.+i,-,^m)(C-^,)-'c^C] 
-C{a)-^ nPViiC,_Z2, z^){C - z^r'dCAdQ. 

Hence u{z) = C(a)-^ E^i zj anjP''[fj{zi, Zj-^C zj+i, Zm){C-Zj)-^dC] 
+C{a)-^ u^P''[{Xnifi){zi -V: ^2: Zm)v''^d{zi - T]) A d{zi - T])] , wheie T) := 
Zi — ( and we can take U = -B(K, 0, R) such that U'^ + U'^ = U"^ and f/^ is the 
additive group, Vlj := G t/^ : (^1, ^, ^j+i, G VL}. Therefore, 
u G Then 

^-u/^^i = C{a)-^ dnjP''[fj{zi, C, ^j+i, 2;m)(C - Zj)~^dC] 
-C{a)-' f/2P"[(xni9/i(C, ^2, zJ/dzj){C - z,)-'dC A dC]- In view of Con- 
dition (1) and Formula 2.6.3.(6) and 

fj(z) = C{a)-^ 9n^P''[fj{zi, Zj^iX, Zj+i, z„i)iC_- Zj)-^dC] 

-C{a)-' rpP^iXn, {dfj{C, z^, Zm)/dC){C-zi)-'dCAdQ (see Theorem 2.4.2) 

it follows (2). 
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3 Antiderivational representations of functions 
and differential forms 

3.1. Remark and Notation. Let Q be a clopen compact subset in (K © 
aK)"^. Put 

(1) wiz, C) := Er=i(-lV+HO - Zj)-'dCj Ai^j mC - -z))-'d-^^i{C - ^) A 

for each z ( E fl^, where {a'Y 7^ a* for each j = l,...,q'; t = l,...,q, 
m < q' < 771(0;'), r < q < rh{a) (see §§2.1 and 2.4.1); there are constants 

< ei < £2 < 00 such that 

(2) ei|7r|-^|C| < \Log{aC))\ < e2knCI and {(C) ^ for each C e - ^, 
^(0) = 1, where z e Q, C(C) e C(«'")(fi - z, Cp), ^0^(^(0) G (K © aK)™ for 
each ( E Q — z, here the embeddings are used: (K © aK)™ ^ (K(q;))'" ^ 
K(a,a') ^Cp; 

(3) ^ is such that dc^w{z, C) = on Q \ {2;}; 

(4) s := s(C) := — or(iK(a,Q')(C) for each G — 2;, 2;^ 7^ (^^ for each j, 
a' is the root of 1 in Cp such that K(a)™' is embedded into K(q;, a') = 
(K(a))(a'), |2|K(a,a') = |7r|"°'''^K(<.,a')W^ 7^ is the same as in §2.1; 

(5) hm^^oo acS((KeaK)™,z,|7r|0^"[^(^'C)] =: 9m 7^ 0. If / is a 1-form of 
class C(°'"~^) we define: 

(6) {BQ^f){z) := f2-P"'[/(C) Aty(2;,C)] for each z E Q, encompassed by 

dVt. 

If / G C(°'"-^)(l], F), we define 

(7) {BsaDi^) ■= 1m CG9oi^"[/(C)w^(^,C)] for each z eVt encompassed by 
where F is a Banach space over L such that K(q;) C L. 

3.2. Theorem. Let Q be a clopen compact subset in i?((K©«K)™, y, R), 
Q< R< py(^-p\ B'^, B'f^^ be given by %3.1, f G C(«+i''^-^)(0, F). Then 

(1) /(z) = (5g^/)(^)-(5aa/)(z) 

for each z = {zi, ...,Zm) G fl (see ^2.7.2) such that 
(2) {fw){zi, zi_i, zi + Exp{r]), Zi+i, Zm) -■ Mv) 

G sC^'^'^^'"'~^\^i,e, L{AK(a),Y)) for each I = 1, m and each e ~ €j, where 
ui := {77 G K(a) : {zi, Zi-i, zi + Exp{r]), Zi+i, Zm) G Q}, tuie ■= ^/ \ 
Log{B(K{a) , zi, e)) , < ej for each j G N, limj^^ej = 0, < g G Z, 

1 < n G N /see §^.-^.i;. 

Proof. Fix z e Q. In the particular case C(C ~ ^) = Exp{7r''^{C — z)) 
properties 3.1.(2,3) are satisfied and qm — C{a)m{2a)'^''^ due to Formulas 
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2.1.(2,3), §2.2.4 and §2.4.2, since dzAdz = 2adxAdy and uP''[dx]\l = b-a 
for each a,b E U, where z = x + ay, x,y E U C K. Therefore, the family of 
such ^ and w satisfying Conditions 3.1.(1 — 5) is nonvoid. In view of 3.1.(3) 

d^w{z, C) = on \ {z}, hence d{f{C)w{z, ()) = df{C) A w{z, C) on Q \ {z}, 
since df{Q A w{zX) = on ^2 \ {z}. From Corollary 2.3.2 it follows, that 
there exists 6 > such that for each < e < 5, e G Fk- there is the inclusion 
B{e) := B{(K © ctK)™", z,e) C and the equality is satified: 

W(.)P'^[/(C)^/^(^,C)]= dnPViCM^,0]- nie)P''[dfiO^HzX)] 
for each z E ^ and satisfying Condition 2.3.(2), where Q(e) := {( e Q : 
— 2;| > e}. In the particular case, — z) = Exp{7r~^{( — z)) due to 2.3.2: 

cea.B(.)P"[/(C)^(^,C)] = vr-2(-i)^ ceaeB(.)P"[/(C)Er=i(-i)^+HC-^,)-^^iOA,^, 

(dOAdO)] 

= 7,-2(m-l).(2«) — 1(E™ i(-l)^+l B((KeaK)™-,.',e)i'"{ C.6a.B(K®aK,.,,e)P"[/(C) (C,- 
^j) ^^0] ^Ijtj {dX2l-l A dX20}), 

where z' ^ {zi,..., zj^i, zj+i, ...,Zm), X21-1, X21 eU, zi^ X21-1 + ax2i for each 
/ = 1, ...,m. Therefore, there exists 

lim,^o ce9cB(£)^"[/(C)w(^,C)] = f{z)qm 
due to 3.1.(2, 5), since there exists C — const > 0, C < 00, such that 

I B(e)PV{0 - m)w{z,0]\ < Ce\\m - /(^)||c(0,n-i)(B(e),Y) 

for each < e < S. 

3.3. Corollary. LetQ and f be as in Theorem3.2 and f be derivationally 
{q,n)-holomorphic on Q, then 

(1) f{z) = (5gn/)(^) for each z e Q (see ^2.7.2). 

3.4. Reiiicirk. For m — 1 Formula 3.2.(1) is Formula 2.4.2.(1), which are 
the non-Archimedean analogs of the Martinelli-Bochner and Cauchy-Green 
formulas respectively (sec for comparison the classical complex case in [8]). 

3.5. Definitions and Notations. Consider a clopen compact Q C 
(K © aK)'" and a C(«'"+^)-function v : Q x {d^y ^ (K © aK)"^, v = 
{vi,...,Vm): < 6 < 00, V ^ v{zX): z E ( E {d^Y , := G X : 
d{z, ^) < e} for a topological space X with a metric d and a subset "if G X, 
d{z, \l/) := inf^g^ d{z, x), < e, < q E Z, 1 < n G N. Suppose 

0(s) := -ordK{a,a')v{z,C), s = -ordK(a,a')iC - ^) such that 

(1) lims^oo0(s) = 00 
for each z G Q and C e {dny. Put 

r^^iz, C, A) := (1 - \/Pnv{z, 0) + Ae(C - z)/P, 
where A G -B(K, 0, 1). Impose the condition: 
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(2) AT=idMz, C) A- 1 dQ ^ and ti\z, C, A) ^ 
for each z ^Vt and C e [dVtf and A G -B(K, 0, 1). Let also 

(e(c-^))-^rfcefc(c-^)]- 

If / G we set: 

(4) (i^a'n7)(^) Cea^P"[/(C)VX^,C)] 

for each 2; G ^2, where F is a Banach space over L such that K(q;) C L. Put 
also: 

(5) 7(^,C,A) := Er=i(-iy+HO - z.YHQ Ak^j [{rj^{z,C,X))-\d,,c + 

dx)vi{z,cA) Am - z)r'dMc - z)] 

for each z e ( e {d^y, A G 5(K,0, 1). If / is a C(0'"-i)-l-form on d^l 
put: 

(6) iRl'lif){z) := q-' cesn,AeiJ(KAi)^"[/(C) A7(^,C, A)] 
for each z E Q. Suppose that v is such that 

(7) dz^(^ip{z, C) = for each C, ^ z. In particular, if v{z^ Q — C, — z^ then 
^9si/ = ^m! and = 0, _ 

since 7 is the (m, m)-form by (C, C) "^^(-2, C) = C " ^• 

3.6. Theorem. Let be a clopen compact subset in (K ® ctK)"* anc? /et 
v(z,C), i^a'n and R^'^ be given byJ3.5, f G C(«+i'"-^)(Q, F). T/ien 

(1) fiz) = W){z) - iRl'ndf){z) - {Bm){z) 
for each z E fl (see ^2.7.2) such that 

(2) (/7)(^i, zi-i, zi + Exp{r]), zi+i, z^) =: ^i{vi) 
e 5C(«+M-i)(a;,,„L(AK(a),F)) 

for each I — 1, m, e — Cj, whereuji :— u!i{z) := {rj G K(a) : (^^i, Zi^i, Zi+ 
Exp{ri),Zi+i,...,Zm) G n}, ui^, := Ui \ Log{B{K{a), Zi, e)), < ej e for 
each j G N, linij^ooej = 0, 0<gGZ, l<nGN ("see %2.4.1). 

Proof. The using of Theorem 3.2 reduces the proof to that of the formula: 

(3) {RZmz) = {Ll'-f){z) - {B-eJ){z) 

for each 2; G and satisfying Condition (2). In view of 3.2.(2) and 3.5.(7) we 
have dc^^xliz, (, A) = 0, since d(;^x[d(;,\{rj'')] = 0- Therefore, d(;,x[f{(h{z, (, A)] = 
(5/(0) A 7(^, C, A), since (df ) A 7 = 0. From 3.5.(3, 5) it follows that 
7(^,C, A)|a=o = V'(^,C) and 

7{z, C, A)U=^ = Er=i(-l>'+'(0 - z,)-'dQ Au^, [[^^{C,--z))-H-^UC-z) A 

m - z))-HMc - z)]. 

Mention that A = P"l|^, hence A G pC(«'")(S(K, 0, 1), K). Then by the 
degree reasons 
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where w is given by 3.1.(1), diniK.^ = 2m, dim-Kdfl = 2m — 1. Then 

q;n' Cedn,xeBPHdcAf{Ch{z, C, A)]} 
= q;n' <:edn,x^BPHidf{C) A ^{z, C,\)} = {Rim){z) 
for each z & Cl, where B := B(K, 0, 1). On the other hand, 

d{{dn) X B) = (-1)2™-! ((afi) X _ ^Q^^ X {0}) = -(ao) X {/?} + 

(dn) X {0}. In view of Corollary 2.3.2 

(aQ)xsP"{t^C,A[/7]} = - aaPl/^/;] + aoPl/V'], 
hence Formula (3) is accomplished. 

3.7. Corollary. Let f be as in Theorem 3.6 and df — on fl, then 

for each z E fl (see ^2.7.2) and satisfying Condition 3.6.(2). 

3.8. Definitions and Remarks. Let Q be a clopen compact subset in 
(K © aK)™, consider the differential form: 

(1) wiz,C) ■■= EJL i(-l)^'+'(0 - Zj)-'dQ Ni^, ml - z))-^\Ul - -A A 
(^(C — zy)~^d£^i{C^ — z)\. Let M be a compact manifold over K and : 

^ M (K(a))^ be a sC^^+^'^-^^-diffeomorphism (see §2.2.5). Then 
the diffeomorphism (^^w of the differential form w is the differential form on 
M. Consider these differential forms on M also and denote them by the 
same notation, since {<^(Ci) • j} ^"^^ coordinates in M . Therefore, Theorems 
3.2,3.6 and Corollaries 3.3,3.7 are true for M also due to Theorem 2.3.1 
and Corollary 2.3.2, where M := 0"^^^) (see §§2.2.5 and 2.7.2). If / is a 
C^^'^-^^-differential form on M, then we define: 

(2) {BU){z) := q-' ceMP"[/(C) A *(.;, C)] 

for each z E M encompassed by dM. If / is a C^^'"' ^^-differential form on 
M, then we define: 

(3) {B^Mf)iz) := c6aMP"[/(C) A^;(;.,C)] 
for each z E M encompassed by dM. Write w as: 

(4) w{z,C)^ET=o'^t{z,0, 

where is of bedegree (0, t) in z and of bedegree (m, m — t — 1) in 

Decompose / as: 

(5) / = J2l+s=deg(f) f(l,s), 

where is the (/, s)-form on M. Then (C) Aji^ dQ — for each I > 0, 
hence 

BmI = Buh^degU)) ■ On the other hand, /(C) A Tt(z, C) = 0, if deg{f) > 
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^eMP"[/(C) A Tt{z, ()] = 0, when deg{f) < g + 1 by the definition of the 
antiderivation. Therefore, 

(6) B^f = c6MP"[/(o,de3(/))(C) A Tdeg(/)-i(^,C)] for 1 < deg{f) < m, 

(7) B^-jf = for deg{f) = or deg{f) > m, similarly 

(8) B^^f = cedMP'V(o,degU))iO /\ ^degif){Z: ()] for < deg{f) < m - 1, 

(9) B^^f = for degif) > m, 

hence B^ff is of bidegree {0,deg{f) — 1); PqmI is of bidegree {0,deg{f)). 
Using the notation of §3.5 define: 

(10) ^{z, C) := J:T=ii-^y-''{Cj-Zjr'dQAkMv{z, C)))-'d,,cUv{z, C))A 

(e(c-^))-Ha.(c~^)], 

(11) 7(^,C,A) := EJli(-l)^+^(0 - z,)-'dQ A,^, [{ri^{z,C,X)r\d,,c + 
d^)rj^{z,C,X)Am-z))-'dMC-z)]. 

life C(°'"-i)(aM,L(AK(a),y)) put: 

(12) {r^]:,f){z) := q-' ceaMPl/(C) A^(z,C)] and 

(13) (RlZfJiz) := q-} ceaM,AeBP"[/(C) A7(^,C, A)] 

for each z G M := <p~^{Vt) (see §§2.2.5 and 2.7.2). There exists the decom- 
position: 

(14) 7(^,C,A) = Et=o'T^(^,C,A), 

where TJ'(z, A) is of bidegree (0, t) in z and / is of bidegree (m, m — t — 1) 
in (CjA). Let / be a bounded differential form on 9M, / = E/(/.s)i then 
^9m/ = RdMf{o,deg{f)) and /(C) A T^(2;,C, A) = if deg{f) > t + 1 by the 
definition of P", (c,A)e9MxBP"[/(C) AT]^(^, C, A)] = if de^(/) < t+ 1, hence 

(15) RlZf = ceaM,xeBPVi04eg(f)){C)^^':iegif)-iiz, C, A)] if 1 < de^(/) < 

m, 

(16) = if deg{f) = or deg'(/) > m. Similarly, 

(17) v^(^,c) = Erro^Tn^,c), 

where (2;, C) is of bidegree (0, t) in z and of bidegree (m, m — t — 1) in C, 
hence 

(18) L^';^/ = ceaMP"[/(o,de.(/)) A TSe.(/)(^, 0] if deg(f) <m-l, 

(19) L^-;^/ = if c^e5(/) > m. If ^;(^, C) = C - ^, then LlZf = B^j,J. 
3.9. Theorem. Let M be a compact manifold over K and let B^ and 

BdM given by §5.5. Suppose that f is the C*^^+^'"~^^-(0, t)-form, < t < m. 
Then 

(1) (-l)V(^) = {BBMf){z) - {Bl,df){z) + {dB-Mf){z) 
for each z E M such that 

(2) (/ A w) o 0(2:1, zi-i, zi + Exp{ri), zi+i, Zm) -■ i^i{ri) 



28 



e sC(''+^'"-i)(cj,,o^(A(K(a)),F)) for each I = l,...,m and each e = ej, 
where uji := {r] G K{a) : {zi, zi-i, zi + Exp{r]), zi+i, Zm) G (^i,e ■ = 
uji \ Log{B(K{a), zi, e)), < ej for each j e N, limj^co €j — 0, < q & Z, 
1 < n e N. 

Proof. Using the diffeomorphism it is possible reduce the case to 
n C (K ©aK)™. If g = 0, then by 3.8.(7) B^f = and / = Bl^^J - B'^df is 
Formula 3.2.(1). Since (2) is satisfied, vand^e C^^'"), then B'^^f and B^df 
are in 5C(«'")(a;i,„ L(A(K(a)), y)) for eachj = l,...,m, e = ej. Prom the 
definition of it follows, that sup„ \\^''{B^df){z; hf"',..., /i®"™; Ci, ■■■■Ca)- 
^^{B^df){y;hr\...,hT-Xi,...Xu)\\ci^^^) < Ci||/||c;(..n)|l-7r-2^-|, where 
s = s{( — z), u = Ui + ... + Um, < Ui < n, hence 

{Bl,df) e C('''")(M,L(A(K(a)),F)). Analogously, and B^^f are in 

C^'"^(M, L(A(K(q;), y)). It remains to prove, that in the sence of distribu- 
tions: 

idB-f)iz) = (-l)*/(^) - (5^V/)W + iBl,df){z) 
for each z E Q and satisfying Condition (2). This means, that for each 
^(7(9+i."-i)_form u, supp{v) C ^2, there is satisfied the equality: 

(3) (-1)* A Bv] = (-1)* nP'^lf A ^/] 

- nP"[59f7/Az/]+ nP''[B^{^f)^v]. In view of Formulas 3.8.(6, 8) B^^f and 
B^df are of bidegree (0, t) and B^f is of bidegree (0, t — 1), we can assume 
that u is of bidegree {m,m — t). Then (3) takes the form: 

(4) (-1)* (^,,)g^.P«[/(C) A w{z, C) A az/(z)] = (-1)* ,enP"[/(z) A z/(z)] 

- (c,.)e(on)xnP"[/(C) A «}(2;,C) A i^iz)] + (c,.)gn2P"[a/(C) A w}(z,C) A iy{z)]. 
Put 

(5) ^~(^,C) := Er=i(-l)^+H0-^,-)-^(c?0-c?^,)Afc^,[(e(C-^))-^5c,.e.(C- 

^)A(e(C-^))-'5c,.a(C-^)], 

then from 3.1.(1, 3) and d(^^z = d(^ + dz it follows: 

(6) di^J{z, C) = for c V -2, since 9(0 - Zj) = 0, = 0. 

Then all monomials in d{z, C) — w{z, C) contain at least one of the dif- 
ferentials dzi, dzm- For v{z) of bidegree (m, m — t) \i contains the factor 
dzi A ... A dZm, hence from (5, 6) it follows: 

(7) daMz, A uiz)) = dzM^, C) A uiz)) 
= (-l)2™-i^(^, C) A diy{z) = -w{z, C) A diy{z) 

for C z, since w{z, () contains the factor d(i A ... A d(m- Hence (7) imphes: 

(8) 4,c(/(C) A w{z, C) A u{z)) = (9/(0) A w{z, () A u{z) - (-1)*/(C) A 
w{z, () A dv{z) for C, ^ z. Then 
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(9) d{nxn\ f/(e)) n [(K © aK)™ X supp{u)] = {{dQ) xn)U{Qx dQ) - 
dU{e))n[{K®aK)'^xsupp{iy)], where U{e) := {{^z) G (K©aK)™x (K© 
aK)"* : — 2;| < e}, < e < eo, < eo < oo is fixed. In view of Corollary 
2.3.2 and Formulas (8,9): 

(10) idn).nun.m)P'ViC)^w{z,C)Ai^{z)]- 9uie)P'V iC) ^wi^, Q A i^iz)] 
= nnt/(e)P"[(^/(C))A*(z,C)Az/(^)]-(-l)* a'^\uic)P'V'iOAw{z,C)Adu{z)]. 
For B- := {C G (K © aK)™ : |C| < e} there exists dB' such that T(557 x 
(K © aK)™) = dU{e), where r(C, z) := {z + z), T : {K ® aK)™ x (K © 
aK)™ — >■ (K © aK)^™. The differential form z/(z) contains the factor dzi A 
... A dzm, hence w{zX) A ^{z) = w{zX) A z/(z) and T*(/(C) A u'(-2,C) A 
i^{z)) =J2\i\=tfi{z + C)d{z + C)^^Awlz, ()Au{z), where T* is the pull-back 
operator on differential forms (see §2.2.5). The degree of w{z,() is 2m — 1 
and 2m-l = dimji{dB~), consequently, d{z+C)^^ Aw{z,C)\(3B-)x(K®aK)^ ^ 

dz^-^ A w{z, C) 1(967 )x(KeoK)'«- 

Therefore, taking i? > such that Q C 5((K © aK)™, 0, R) =: Br: 

a[/(.)P"[/(C) A «;(^, C)] = (-1)* .eBnP''['E\i\=t ceT-HOU(e))PVii^ + C) A 
w{z,C)]dz^^ A u{z), 

since dz^-^ A w{z, Q = (-l)**(z, Qdz^^ for |7| = Q + Q C + 5r = 
where supp{f) C (see Lemma 2.6.1). In view of Theorem 3.2 

c;eT-Hauie))PVi{^ + C) A w{z, ()] = fi{z) + ceT-^idU(e))PH[fi{^ + C) - 

fj{z)]Aw{z,0} 

for |/| = t, which tends to fi{z), when e tends to zero, since supp{f) is 
bounded, where r-i(5?7(e)) = (dB-) x (K © aK)™, and inevitably 
lim,_o dUie)PV{C) A «)(^, C) A iy{z)] = (-1)* nPVi^) A i^(^)] 

3.10. Theorem. Let M be a compact manifold and let Vq'^j, Rg'^, B^ 
be given by ^3.8. Suppose f is the C^'^''^^-{Q,t)-dijferential form, < t < m. 
Then 

(1) i-lYfiz) = {LlZf){z)- 
{RlZdf + B-^df){z) + BiRTuf + Bl,f){z) 
for each z E M such that 

(2) (/ A 7) o (f){zi, zi_i, zi + Exp{ri), zi+i, Zm) Mv) 
e 5C(''+i'"-i)(a;;,„L(AK(a),r)) 

for each I — 1, m and each e = ej, where uii := {rj G K(a) : {zi, zi-i, zi + 
Exp{rj),zi+i, ...,Zm) G Q}, uji^e := ^^i \ Log{B{K{a), zi,e)), ej > for each 
j e N, limj^oo = 0, < g G Z, 1 < n G N. 

Proof. If v{z, () ^ ( - z, then L""^^ = B^j^, R^'^ = and Formula 
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3.10.(1) reduces to Formula 3.9.(1). If t = 0, then by 3.8.(7, 16) BIJ = 
and RqmJ = 0, hence 3.10.(1) reduces to 3.6.(1). Assume 1 < t < m. 
In view of §§3.8 and 3.9 L^'^f, T^^df, B^^df, dR^Zf and dB^f are in 
C('?'")(M, L(AK(q;), F)). Using the diffeomorphism (f) consider Q instead of 
M. In view of 3.9.(1) it remains to prove: 

(3) d{Ria){z) = {B^^f){z) - {Li'-f){z) + (/?;;^a/)(.) 

for each z E Q and satisfying Condition (2). Consider the differential form: 

(4) « := Ef=i(-l)^'+'(0 - Zj)-'dQ A,^, [(77"(z,C, A))-M,,c,Ar/^(z,C, A) A 

In accordance with §§3.1 and 3.5 ^ and v are of class of smoothness 
(^(9,"-)^ hence k and 7 belong to C'''''"-\W, L{A'K(a),Y)) for suitable clopen 
W cnx{K® aK)™ X 5(K, 0, 1) such tha_t x {dil) x 5(K,_0, 1) C W, 
C z. Condition 3.5.(7) is satisfied for ^(C — ^) = Exp{7T~^{( — z)) and 
v{z, such that ^{v{z, ()) — Exp{'K~'^''^^v{z, C)), where 0(s) is given by §3.5 
and satisfies Condition 3.5.(1). Therefore, the family of such differential 
forms if) and w is nonvoid. In view of Conditions 3.1.(3) and 3.5.(7) in the 
sence of distributions: 

(5) dz,c_,\K = on W, that is, ^GfiP"[((i^,^,A't) Az/] — for each u as above. 
Prom di^K — and (5) it follows 

{dz.Q + dx + dz){K) = 0, together with 9^(7) = it implies: 

(6) ' (a,,^ + dx)ii) + 9,(7) + idz,c + d, + dz)iK -^) = OonW,C^ z, 
since {k. — 7) contains a factor dzTjl and dz{K — 7) = 0. The monomials 
in (k — 7) with respect to dzj, dzj, dQ, dQ and dX and, consequently, in 
idz,c + ^^A + dz){'y — k) contain at least one of the differentaials dzi, dzm 
as a factor. The same is true for 9^(7). The monomials in {dzx + dx){'y) 
do not contain any of the differentials dzj. Hence from (6) it follows, that 
{d^ + dx){7) = -dz7. Then 

_ (7) d^J A 7) = (9c + d,){f A 7) = {Bf) A 7 + (-l)V A {d^ + rf,)7 = 
(9/) A7 - ^2(7 A7). The applying of Corollary 2.3.2 and Formula (7) to the 
differential form / A 7 on (dil) x B, where B := B(K, 0, 1), gives 

(8) (c,A)e(9n)xBPl(9/) A 7] - a, (c,A)e(aQ)xBPl/ A 7] 
- (sa)x{o}P"[/A7]- (an)x{;3}P"[/A7]. 

On the other hand, 7|a=o = i^, 7|a=/3 — '"^ and Formula (8) is equivalent to 
Fromula (3) due to Formulas 3.8.(3, 12, 13). 

3.11. Corollary. Let M and f be as in Theorem 3.10 and dv/dz — 
on M. For t — 1, m put 
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{l)Tr.= {-mR7M + Bl^. Then 

[2] f{z)=d{Ta){z) + {TIX^df){z) 
for each z & M and satisfying Condition 3.10.(2). If df = 0, then u — T^f 
is a solution of du{z) — f{z) for each z & M and f satisfying 3.10.(2). 

Proof. In view of Formula 3.8.(18) Vi^f = ouP'^if A T^^]. Since 
dv{z,()/dz = the monomials in of bidcgrce (0,t) in z vanish if t > 1. 
Therefore, Lg'^f = and (2) follows from 3.10.(1). Then from (2) it follows 
du{z) = f{z) if df{z) — for each z & M and satisfying 3.10.(2), where 
u = T-f. 

3.12. Definitions. Let M be a manifold over K satisfying 2.4.2 with 

(g + 1, n)-antiderivationally holomorphic ^(^'■'^"''^'""^-'-transition maps (piO(p~^ 
between charts {Ui, (pi) and {Uj, 4>j) for each UiHUj ^ and let GL{N ^ K(a)) 
be the group of invertible N x A'^-matrices with entries in K(q;). 

(1) . A (5+ 1, n)-antiderivationally holomorphic vector bundle over K(q;) 
of K(a) dimension over M is a 5C(«+^'"-^)-vector bundle over with 
the characteristic fibre (K(a))^ and with (g + 1, n)-antiderivationally holo- 
morphic atlas of local trivializations of 5, that is, with a family {t/j, hj\ such 
that {f/j} is a (cl)open covering of M, for each j, hj is a 5C*^^''"^'"'~-'^^-bundle 
isomorphism from B\u. onto Uj x (K(q;))^; the corresponding transition map- 
pings gi^j : Ui n Uj GL^Njl^la)) defined by {z,gi j{z)v) = hi o h'^^{z,v), 
z & Ui n Uj, V G (K(q;))'^ are {q + 1, n)-antidcrivationally holomorphic 

^(7(9+i,n-i)_niappings. Equipped with the atlas {B\u., hj} the bundle B gets 
the structure of the gC^i+^''^~'^) — {q + 1, n)-antiderivationally holomorphic 
manifold. 

(2) . A sC*^^+^'"'~^)-bundle homomorphism between ^C'('^+^'"'~^) — {q + 

1, n)-antiderivationally holomorphic vector bundles Bi and B2 is called gC^''^^'^~^^ — 
{q + 1, n)-antiderivationally holomorphic if it is gC^'^~^^'^~^^ — + l?"")- 
antiderivationally holomorphic as a map between the 5C'(^+^'"'~^) — (g + 1, n)- 
antiderivationally holomorphic manifolds Bi and B2. Similarly is defined a 
^(j{q+i,n-i) _ _|_ 1^ 7:i)-antiderivationally holomorphic section of a K.{a) 
g(jig+i,n-i) _ (•g _|_ 1^ ri)-antiderivationally holomorphic vector bundle. 

(3) . A gC^'^~^^'"'~^^ — {q + 1, n)-antiderivationally holomorphic vector bun- 
dle over M is called gC'*^*"^^'""-'^^ — {q+1, n)-antiderivationally holomorphically 
trivial if there exists a ^C'^^"'"^'"''"^) — (g-|- 1, n)-antiderivationally holomorphic 
bundle isomorphism from B onto M X (K(a))^. B is called gC^^+i'""^) - 
(g-|-l, n)-antiderivationally holomorphically trivial over a (cl)open set U <Z M 
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if B\u is gC^'^^^'"'~^^ -~ (q + 1, n)-antiderivationally holomorphically trivial. 
A 5C'(9+^''*~^) — (g + 1, n)-antiderivationally holomorphic trivialization of B 
(over U) is a gC^i+'^''^~'^) _ (g, _|_ n)-antiderivationally holomorphic bundle 
isomorphism from B onto M x (K{a))^ {B\u onto U x (K{a))^). 

(4). A K(a)-valued differential form of degree r over M can be defined 
as a section of the vector bundle A'"T*(M)K(a), where T*(X)K(a:) is the K(q;) 
cotangent bundle of M over scalars 6 G K(q;) (see [14]). A differential form 
of degree r with values in a gC^'^'^^''^~^^ — {q + 1, n)-antiderivationally holo- 
morphic bundle (or a S-valued differential form) over M is a section of the 
bundle A-(T*(M)K(a)) ®K(a) B. 

If {Uj : j G J} is a (cl)open covering of M such that B is gC^'^'^^''^'^^ — 
{q + 1, n)-antiderivationally holomorphically trivial over each Uj and {gij : 
i,j G J} is the corresponding system of transition functions, then a dif- 
ferential form with values in M can be identified with a system {/,} of 
A^-tuplets of differential forms on Uj such that /j = gijfj over Ui fl Uj for 
each i,j G J. A differential form / with values in B is called a (0,t)- 
form, gC^'^~^^'"~^^ — (0, t)-form, etc. If for each (cl)open subset U C M, 
where B is gC^i+'^''^-'^) — {q+1, n)-antiderivationally holomorphically trivial, 
the corresponding A^-tuple of differential forms on U consists of (0, t)-forms, 
^Q{q+i,n-i) _ (o,t)-form, etc. Each (s,t)-form with values in a ^cC-J+i."-!) 
(g+ 1, n)-antiderivationally holomorphic vector bundle can be identified with 
some (0, t)-forms with values in some other n-antiderivationally holomorphic 
vector bundle. 

3.13. Definition. Let M be a ^^(s+i:"-!) _ (g + n)-antiderivationally 

holomorphic manifold, let i? be a ^C'-'^^^'"'"^-* — {q+ 1, n)-antiderivationally 
holomorphic vector bundle over M and {Uj : j G J} be a (cl)open covering of 
M, where J is a set. A derivationally {q+1, n— l)-holomorphic Cousin data in 
M means a system {fij : i,j & J} of derivationally (g-|-l,n — l) -holomorphic 
sections /jj : UidUj ^ B such that fij + fj^k — fi,k in fl Uj fl U^ for each 
i,j,k G J. The corresponding Cousin problem consists in finding a system 
{fj : j E J} of derivationally {q+l,n — l)-holomorphic sections fj : Uj ^ B 
such that fij = fi — fj in Ui n Uj for each i,j G J. 

3.14. Theorem. Let M be a ^C^^"^^''*"^) — {q + l,n)-antide'rivationally 
holomorphic manifold and let B be a gC^^"^-^'""^^— (g-|-l, n)-antiderivationally 
holomorphic vector bundle over M . Consider two conditions: 

(1) each derivationally (g -|- 2,n — 1) -holomorphic Cousin problem in B 
has a solution; 
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(2) each B-valued gC^''^^'"'^^^ — (0, l)-form on M such that df = on 
M has a section u : M ^ B such that du = f on M. 

Then from (1) it follows (2). From (2) it follows (1) in the class u e 
(7{?+2,n-i) g ^(j{q+i,n-i) ('g, _|_ ]^ _ lyantidcrivationally holomor- 

phic. 

Proof. (1) =^ (2). At first, / is a ^C'^'^'^^'^^-'^^-form means, that there 
exists a refinement {U'k '■ k} of {Uj} consisting of clopen U'k such that 
QkiU'k) is bounded in (K(a))^ and f\u', G 5C(«+i'"-i), where At'{M) = 
{{U'k,gk) ■■ k}. Choose At'{M) such that [jkU'k = M. Denote {U'k : k} by 
{[/j : J e J} also such that satisfies condition of Theorem 2.8 up to the 
^(7(9+i-"'-i)_cliffgomorphism. Then 2.8 on each Uj gives a solution Uj such 
that {ui — Uj) are derivationally (q' + 2, n— l)-holomorphic on UiHUj and form 
derivationally {q + 2,n — l)-holomorphic Cousin data in B. According to (1) 
there exists a derivationally (g + 2,n — l)-holomorphic section hj : Uj ^ B 
such that Ui — Uj = hi — hj in f/j fl Uj. Set u := Ui — hi in Ui for each j G J. 

(2) ^ (1) in the class U G (:7(9+2,n-l) ^^^^^ ^ ^^(g+l,n-l) ig ^ 

l,n — l)-antiderivationally holomorphic. Characteristic functions of clopen 
compact subsets belong to C°°. It is possible to take a refinement At'{M) 
of At{M) such that its charts be satisfying Lemma 2.6.1, that is, gk{U'k) 
are balls satisfying 2.6.1. Choose At'{M) such that [JkUk = M. De- 
note it also by At{M). Since M is mctrizablc it has an atlas consisting 
of clopen compact charts, hence M has a C°°-partition of unity, Xk '■= Xu^- 
For each i and j fk,j is ^C^^+^'^-i) - {q + l,n — l)-antiderivationally holo- 
morphic, hence Xkfkj is also by Lemma 2.6.1 gC^'^~^^''^~^^ — {q + l,n — 1)- 
antiderivationally holomorphic for suitable refinement {Uj : j G J}, since 
Xkfkj = fk,j\{Ukndom{fk,j)), d{xkfk,j) = 0. Set 9j := - Y^kXkfk.j in Uj, hence 
by Theorem 2.7.2 there exists a C*^^+^'"^^-'-solution of the Cousin problem: 
fi,j ■= Efc XkU'i,k + fk,j) = 0i- 9j in Ui n Uj- d9i = BOj in Ui n Uj. Hence by 
(2) there exists a section u : M ^ B such that du — dOj in Uj. The setting 
hj = 6j — u in Uj provides (1). 

3.15. Remark. Formulas 3.6.(1), 3.9.(1), 3.10.(1) are the non- Archimedean 
analogs of the Leray, Koppelman and Koppelman-Leray formulas correspond- 
ingly. 

3.16. Notes and Definitions. The local field K is the disjoint union 
of balls -B(K, Zj, R) for a given < i? < oo, where Zj G K for each j G N. 
Therefore, the antiderivation operators b^-P" on Bj :— BCK, Zj, R) induce 



34 



the antiderivation operator k-P" on K such that 

(1) Kipvm ■■= Er=i( b.pvxbMv) 

on C(^'"~^)(K, L), where K C L C Cp, L is a field complete relative to its 

uniformity. Then 

pCfe«)(K',F) := ki^''(C('?'""^HK',F)) ©F and 
^(^(9+i,n-i)(K:i^y) := {g e C(«+^'"-i)(Ki,F) : g{xi,...,Xi) 

e p,^^.C(«+i'"-^)(K',F) for each j = 1,...,/}, 

p,l,C(«+i'"-i)(K', Y) := KP^"^(C(«'"-'nK', Y)) © r, 

where C(«'"-i)(K', y) and pC(«'")(K', F) are supphed with the inductive 

limit topologies induced by the embeddings 

C^i'^-^){B{K\z,R'),Y) ^ C(«'"-i)(Ki,r), < i?' < oo, where kiP"" : = 
kPxi--- ^Pxii xi, ...,xi e K, Y is a Banach space over L such that K C L 
(see also [16, 19]). 

Therefore, in the standard way we get the definition of a locally com- 
pact manifold M over K of class pC(5'") or sC^^+^'^-i), that is, transi- 
tion mappings of charts e pC*^^'"^ or (pij E 5(7*^'^+^'""^^ where Vj is 
clopen in M, (t)j{Vj) is clopen in K\ 1 < / G N, / = dirriKM (see §2.2.5). 
Using charts and pC(9'")(K', K"") or 5C('?+i'"-i)(K', K'") we get the uni- 
form space pC^i'^^^M^N) or sC(«+i'"-^'(M, iV) of all mappings g : M ^ 
N of class pC^*?'") or ^cCe+i,"-!) respectively, where M is the pC^^'")- 
manifold or ^(^'•^"'"^'""^^-manifold on K' and is the pC'^'^'"-' -manifold or 

gC^''^^'^~^^ -manifold on K'" correspondingly, that is, ipi o g o (pj^ is of class 

pC^i'^^^ or gC^'^~^^'"'~^^ for each i and j such that its domain is nonempty, 
where At{M) = {(V;,^^) : j}, ^i(7V) = {{Wj^i/jj) : j}. The uniformity in 

pC(«'")(K', K™) or 5C(«+^'"-^)(K', K™) induces the uniformity in pC(«'")(M, 
or 5C('?+^'"-^)(M, A^) respectively (sec Remark 2.4 [16]). 

For a locally compact manifold Af over K of class pC(«'") or ^^(e+i,"-!) 
let DifP^'i''^\M) or Di/5(«+i'"-i)(M) denotes a family of all diffeomor- 
phisms f : M ^ M, f{M) = M, {f -id) e pC^"'") and (f'^-id) e pC(«'") 
or (/ - id) e 5C(«+i'"-i) and (/"^ - id) e 5C(«+^'"-^) respectively, where 
id{z) = z for each ^ G M, M K^, pC^'i''^^{M,M) ^ pC('?'")(M, K^), 

5C(''+i'"-i)(M,M) 5(:7(«+i'"-i)(M,K^) such that (/ - id) is correctly 
defined, e N. 

3.17. Theorem. (1). The uniform spaces Dif P^'i^"\M) and Dif 3^'^+^'"-^^ 
are the topological groups for each 0<Q'eZ, l<neN. 

(2) . They have embeddings as clopen subsets into pC^'^''^\M, M) and into 
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5C('?+^'""^)(M,M) respectively. 

(3) . The uniform spaces pC'^i^''\M , N) , sC^''^^''^~^\M,N), DifP^i^''\M) 
and DifS^'^'^^''^~^\M) are complete and separable. 

(4) . The groups DifP^i'''\M) and DifS^i+^'''-'^\M) are ultrametrizable, 
when M is compact. 

(5) . The uniform spaces DifP^i^''\M) and DifS^i+^'^'-^^M) have the 
infinite- dimensional manifolds structures over K. 

Proof. At first prove, that compositions of diffeomorphisms preserve 
classes pC(5'")(M,M) and 5C(''+^'"-i)(M,M) respectively. For this con- 
sider two diffeomorphisms V, e Di/P(«'")(f/™) or DifS^''+^'''-^\U"') si- 
multaneously. A diffeomorphism (p is called the simplest diffeomorphism, if 
it has the coordinate form: 

= (PjiVi^ ■■■,ym) = Vj for each j = 1, ...,k- l,k + l, ...,m, 

Xk = Mvu ■■■,ym) = 0fc(l/i, •••,l//c, •••,1/m), where a;j,|/j eU,x= (xi, ...,x^), 
m = dimj^M. Suppose such marked number k is for and / is for ip. To 
prove (j)oilj e DifP^'i^''\U''') or Dif S^'i+'^^''-^\U''') it is sufficient to verify 

that ...,yk-i, Mvi^ 2/m), 2/fe+i, 2/m) - Vk} is in 

pC(5'")([/"',K) or 5C(«+^'"-^)(C/'",K) correspondingly. 

In C°([/"',K'") there exists the polynomial Amice base {Qnix) '■ n e 
No™} and it is also the base in C^i'^\U"', K™), where No := {j : < j G Z} 
(see [1, 16]). The linear ordering A in K induces the linear ordering A in 
K'" and hence in U"^: xAy if and only if xi = yi,...,Xj_i = yj-i, XjAyj, 
where 1 < j < m, yj & K., y — {yi, ...,ym) (see §2.2.1). Take in particular, 
U = S(K,0, 1). Then (/3, ...,/3) is the largest element in U"". Let Zk := 
{z e K : z = Th^qZiHi, < t e Z, zi e {0,9i, ...,9pn_i}}, then Zk is dense 
in B(K, 0, 1) and Zk is countable. There are decompositions 

(i) My) = EneNo- «(^,^0<5n(l/) and 

(ii) <i)k{y) = EneNo- a{n,(i)k)Qn{y), 

where a{n,ipi) and a{n,(f>k) £ K. In view of the conditions imposed on ipi 
and (pk and continuity of the K- linear operators uPxj '■ 

(Hi) My) = {EneNo™«("','90fc(i/)/%)( uPyjQn{y)fyio)} 

+MyU l/i,0, %+l, l/m) 

for each j = 1, m and analogously for where yj^Q and yj e U . To show 

{(t>k{yi. z/fc-i, My):yk+i: -, ?/m) - yfe) e sC^^+^'^-^V"*, k) it is sufficient 

to find hj : f/"^ — K such that 

(iv) uPyMVjfi = -hj,o + 0fe(yi, z/fe-i, '0/(y), yfe+i, -, ym) - 
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for each j = 1. ...,m, where hj^ G K. 

From (in) and continuity of the K-hnear operator c/-P^ it follows, that 
to resolve (iv) it is sufficient to find a solution of the problem: 

for each / G N and each = {t\, ...,t^ G Nq"", A; = 1, y* = 
On the other hand, 

{Vl) uP^'z' = Eo<j<n-lM^At - l)...{t-J + l)4"'(^fc+l - ZkY^'/U + 1)!, 

where z e U, t e N, j e Z. Moreover, {d/dyj) c/-P^ |(c{'j."-i){[/™,k)) = 

hence Equation can be simplified in the considered class of p,yjCQ^~^^'^~^^ {U"^, K)- 
functions acting on both sides of (v) by (d/dyj). For each z G Zk there 
exists a solution zh{y) of (v) for each |/ G U"^ such that yjAz, since the 
set {m G Zk : uAz} is finite. In view of (vi) and §2.1 this family { zh{y) : 
z G Zk} can be chosen consistent, that is, zh{y) = r)h{y) for each y such 
that yjAmin(^,7^). Therefore, there exists 
{vii) h — lim^^/j zh 

such that {v) is satisfied for each y G f/"". In particular, irf G sC('?+i'"-i)(M, M). 
For the class pC^'^'"'\U"^, K) it is sufficient to find solution of the problem 
(viii) ( umP^h){y) = ( c/™PV')-( c/™pV) 
for each / G N and each t'' G No", k = 1, \t\ := ti + ... + tm > 1- In view 
of (vi) and §2.1 and [/"^P" = uPy[--- uPy^ there exists a consistent family 
zh satisfying {viii) for each z G Zk"* and each yAz such that ^/id/) = 
rjh{y) for each min(2;, r^), where 77 G Zk™, since the set {u G Zk™ : 
uAz} is finite, {d/dyi)...{d/dym) !7'"-P"|(c('j."-i)(!7'",k)) — ^-^id the acting by 
{d/dyi)...{d/dym) on both sides of Equation {viii) simplifies it in the class 
of p(7i'''"'([/™,K)-functions. Then 

{ix) h — Iimz-i(i3^,,,^i3) zh is the solution of {viii). Therefore, (0o'0(y) —y) 
and {4>oijj~^{y) — y) belong to ^C'('^+^'"~^) or pC*^^'") correspondingly. The 
proof above also shows, that if a bijective surjective il^ is in pC(«'")(M, M) or 
in 5C(''+i''^-^(M,M),then^-iisin pC(5'")(M, M) or in sC(«+i'"-i)(M, M) 
respectively, by solving the equation of the type v{id{y) + g{y)) = —g{y) rel- 
ative to the function v for known g :— — id. Hence using charts {Vj, (j)j) of 
At{M) such that 4>j{Vj) = B cU'^ + Zj with suitable zj G K"" for each j and 
At{M) is the refinement of At{M) and B satisfies Lemma 2.6.1 (or applying 
the above proof to B instead of U"^), we get that {cpi o (p o ■ip'' o 4>~^{y) — y) 
belongs to pC^^'"^ or gC^i+'^^'^-'^) respectively on its domain for each I 
and J, where A; = lorA; = — 1. Together with Lemma 2.6.1 it provides 



37 



(t)o^^ e DifP'-i'^'^M) or o V^'^ e DifS^i+^'''-^\M) correspondingly for 
each k G { — 1, !}• 

If M is compact, then pC^*'")(M, y) is normable for a Banach space Y 
over L, K C L (see analogously Lemma 3.4 [14]). Let V = 5(C(«'"~i)(M, Y), 0, 1), 
consider W := {f e C(^+^'"-i)(M, F) : /(xi, ...,x„,) G p,^^,C(''+i'"-i)(M, F)n 
{P^^{V) © y) for each j = 1, ...,m}. In view of K-convexity of V the set W 
is absolutely K-convex (disked) and W is absorbing in 5C(«+i'"-i)(M, F), 
since P^. are continuous K-linear and V is absorbing in C*^^'"~^)(M, Y). Then 

ly is bounded in the weak topology in sC^'^'^^'"'~^\M,Y). Therefore, the 
Minkowski functional on sC^'^'^^'"'~^\M, Y) generated by W induces a norm 
in 5C(«+^'"-i)(M,F) (seeExer. 6.204 [19]). Each space p,^^C(«+i'"-i)(M, F) 
is complete (see analogously with Lemma 3.4 [14]), since Y is complete. 

Consider the K-linear space := p,^^C(^+i'"-i)(M, Y)n 5C(9+i."-i)(M, Y) 
and topologies tpj on p,^.C(«+i'"-i)(M, Y) and ts on 5C(«+i'"-i)(M, F) in- 
duced by norms in these spaces, then rsj^^. C Tpj for each j due to continuity 
of P". (for M supplied with coordinates Xj due to pC*^^'"^ or ^C^^"*"^'""^)- 
diffeomorphism with Q as in §2.2.5) and definition of ts, since ker{P^^) = {0} 
and due to the open mapping Theorem (14.4.1) [19] there exists the contin- 
uous K-linear operator 

(P^^)-' : ( p,^^Ct''''-'\M,Y),Tpj) ^ (C(^'"-^)(M,y),||*||c(.,n-i,(M,r)), 
consequently, 

(J';;)-! : (^,,o,r5k,,o) ^ (C(''--i)(M,r),|| * i|c(,,«-i)(M,y)), is contin- 
uous, where ^j,o ■= *i n p,^.Ci^+^'""^^(M, F), = *j,o F. Hence 
is complete relative to the above norm. 
For noncompact M using a refinement At'{M) consisting of compact 
charts {V'j,(f)'j) and the strict inductive limits of pC^'''") (Uj=i ^'j, F) or 
5C(«+i'"-i)(U5=i V'j, Y),leN,we get, that pC(«'")(M, F) and 5C(«+i'"-i)(M, y) 
are complete relative to their uniformities (see Theorems (12.1.6) and (12.1.8) 
[19]). In view of Theorem (12.1.4) [19] these spaces are separable. 

Let if - id) e pC^'^''''\M,M) or (f - id) e cjC('?+i'"-i)(M, M) such 
that M is compact and max^y \\fij — idij\\ < 1, where fij := (pi o f o 
(f)J^, dom{fij) —: Uij, \\ * || is taken of the space pC^^'"^(C/ij, K"^) or 
^(7(9+i."-i)([/^^.^ K"*). In view of the ultrametric inequality fij is the isom- 
etry, since 

Wfij — idijW = sup„ |a(n, — ■i(i;j)|||(5ral|, where || * || is the norm in 
pC^i'^\Uij,K"') or in sC(9+i''^-i)([/;j, K™) respectively induced by the 
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norm in C^'^'^ ^•*(?7/j, K™) and the Minkowski functional as above. Then 
\\9k,i°fi,j-idk,j\\ < m£ix{\\gk,iofij- full, \\fi,j - idij\\). Using partial differ- 
ence quotients and P" and expansion coefficients in the Amice base we get, 
that 

max; J ~ '^d.ijW < C max; J \\fij — idij\\, C — const > is indepen- 
dent of / (see the proof of Theorem 2.6 [16]), consequently, Dif P^'^'^\M) and 
Dif S^'^'^^'^~^\M) are topological groups. For noncompact M having At{M) 
with compact charts and using the strict inductive limit topology we can take 
an entourage of the diagonal in pC(«'")(M, MY or in 5C(«+^'"-^)(M, M)^ of 
the form {/ : ||/; — idij\\ < \ti\ for each l,j e A}, where A is a finite subset 
in N. In view of Theorem A A [15] there exists the inverse mapping /;~^, 
which is the local diffeomorphism, when dom{fij) ^ 0. Then f\w = id\w 
for W :^ M\ [jj^xV'j for each / e DifP^'^'^'^M) and DifS^i+'^'''-^\M) 
with W dependent on /, where supp{f) :— cl{{x e M : f(x) ^ x}) is 
compact, a finite subset A of N is such that supp{f) C [JjexVj- This 
implies that /(M) = M and f'^{M) = M, consequently, Di f P^''''"-\M) 
and L)i/5('?+i'"-^)(M) are neighborhoods of id in pC^''''^\M,M) and in 

^(7(9+i."-i) respectively, left shifts in these groups Lgf := g~^f im- 
ply that these groups are open in the corresponding to them spaces. Since 
Dif P'^'^''^\M) and Dif S^^^^'^~^\M) are complete, then they are clopen in 

pC'(5,n)(M,M) and sC^'i+^''^-^\M , M) correspondingly (see Theorem 8.3.6 

[5])- 

Finally, statements (4, 5) follow from the proofs of Theorems 2.4 and 3.6 
[16] modified for the considered here classes of smoothness. 

3.18. Remark and Definition. Let M and be two locally compact 
C(<7,ri).j^anifolds over K and / G C^(M, N), dimuM =: tum, dimj^N =: m^r. 
Denote by S := S{f) := {z E M : rang{dzf) < mjv} and this set is called 
the set of critical values of /. The nonnegative Haar measure u on K"*^ 
as the additive group induces the measure /i on N with the help of charts, 
since At{N) has a disjoint refinement, where v is normalized by the condition 
i/(5(K"^,0, 1)) = 1. 

3.19. Theorem. Let f : M ^ N be a -mapping of a 5(7(9+^'"-^)- 
manifold M into a sC^'^'^^''^"^^ -manifold N , where I > max(mM,^Af)- Then 
//(/(£:) = (see ^3.18). 

Proof. Using the charts of atlases it is sufficient to prove the theorem 
for / : [/ ^ K"*^, where U is an open subset in K"*^. For uim — and 
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mjv = the statement is evident, therefore, consider itlm > 1 and rrij^ > 1. 
Put £i:= {y eU : f^^\y) = for each j < i}, hence £ D £i D £2 ^ ■■■■ To 
finish the proof use the following two lemmas. 

3.19.1. Lemma. fx{f{£\£i)) = 0. 

Proof. Consider n > 2, since for n = 1 there is only one partial derivative 
and from y E £ it follows y E £1. Let y G £ \ £1, then there exists a 
nonzero partial derivative, for example, dfi{x)/dxi at the point x = y. There 
exists a mapping h : U ^ j^ruN g^^.^^ ^j^g^^ /^(•^^^ ._ (/^(x), X2, Xm^^) for 
which rang{dh{y)) = rriN- In view of Theorem AA [15] the mapping h 
is the diffeomorphism of some open V = V{y) C U onto a neighborhood 
W 3 z := h{y). The set £' of critical points for g := f o : W K™^ 
coinsides with h{V fl £), that is, g{£') = f{V fl £). Consider the family 
: {{t} X K"*M-i) n ^ {i} X K^^'v-i^ ^here t e B(K, 0, 1). The point 
b is critical for if and only if it is critical for g. In view of the induction 
hypothesis i2[g\£{g*))] = in {t}xK'"^-\ hence /i(^(r)n({t} xK^^-^)) = 
for each t G B(K, 0, 1). From the Fubini theorem in L^(K™, /x, R) it follows, 
that i^{g{£')) = 0. 

3.19.2. Lemma. iJ,{f{£k)) — for each k such that 1 < k < I. 
Proof. Take a covering of £k by a countable number of balls of radius 

S > 0, 6 < 60, where 5o > is sufficiently small. Take one of these balls 
B. From the definition of £k and the Taylor formula (see Theorem 29.4 [22] 
and Theorem A.5 [15]) it follows, that f{x + h) = f{x) + R{x,h), where 
\\Rix,h)\\ < b\\hf+\ x e £k, x + h e B, b < \\f\\c'(u,K-N) < 00 for a 
compact clopen U in K"**f. Divide B into a disjoint union of g"^*^ balls 
of radius 6/q, q = p~^. Let Bi be a ball of this partition such that Bi 3 
X. Then each y E Bi has the form y = x + h, where \h\ < 6/q. Then 
f{Bi) C i?(K™~, /(x), consequently, f{£k Ci B) is contained in the 

union of 5"*^ balls Bj having J2j l^{Bj) < q^N Q^j qk+i-^mN ^ f^mNq-mNk^ rpj^g^^ 

lim^^oo b^^q-"^^^ = 0. 

Therefore, Lemmas 3.19.1,2 finish the proof of Theorem 3.19. 

3.19.3. Corollary. The set N\f{£) is dense in N, where f G C\M, N) 
and I > max(mM, 'H^Af)- 

3.19.4. Corollary. If dirrmM < dimi^N , then n{f{M)) = 0. 

3.20. Definitions. A C^-mapping f : M ^ N is called an immersion, 
if rang{df\x '■ T^M Tfi^^-^N) = tum for each x G M. An immersion 
f : M N is called an embedding, if / is bijective. 

3.21. Theorem. Let M be a compact _5C'(^+^'"'~^) or pC'^''''^^ -manifold 



40 



over a local field K, diniKM = m < oo. Then there exists a gC^''^^'"-^^^ or 
pC'^'^''^^ -embedding T : M ^ and a 5C'(«+i'"'-i) or pC^'^'^^ -immersion 

9 : M ^ K^"* correspondingly. Each continuous mapping f : M ^ j^2m+i 
or f : M ^ j^2m approximated by r or 6 relative to the norm || * \\qo. 

Proof. Let M ^ he the ^Cte+i."-!) or pC(9'")-embedding of The- 
orem 2.2.6. Consider the bundle of all K straight Unes in K^. They com- 
pose the projective space K.P^~^. Fix the standard orthonormal (in the 
non- Archimedean sence) base {ei, ejv} in and projections on K-linear 
subspaces relative to this base P^{x) :— J2ej€L^j^j for the K-linear span 
L — spaniciei '■ i G A^}, A_c C {1,...,A^}, where x = Y^f^iXjCj, Xj e K 
for each j. In this base consider the function (x.y) := J2f=i^jyj- Let 
/ G KP^~^, take a K-hyperplane denoted by Kf'^^ and given by the condi- 
tion: (x, [/]) = for each x e Kf^~^, where 7^ [/] G characterises /. Take 
||[/]|| = 1. Then the orthonormal base {^i, ^'at-i} in Kf^~^ and together 
with [I] —: qjsi composes the orthonormal base {q'l, ^at} in (see also 
[21]). This provides the projection tt^ : — > Kf^~^ relative to the orthonor- 
mal base {gi, gTv}- The operator tt; is K-linear, hence tt; G 56'*^'^+^'"'^^^ 
since is the K-linear operator, lt-P^ Aej|^ = \{b — a)ej for each A G K 
and a,b E U, j = 1, N. 

To construct an immersion it is sufficient, that each projection tt; : T^M — > 
Kf"^ has ker[d{7ri{x))] = {0} for each x G M. The set of all a; G M for 
which ker[d{7ri{x))] 7^ {0} is called the set of forbidden directions of the first 
kind. Forbidden are those and only those directions / G KP^~^ for which 
there exists x E M such that I' C T^M, where I' ^ [I] + z, z e K^. The 
set of all forbidden directions of the first kind forms the C^^ ^^^^-manifold Q 
of dimension (2m - 1) with points (xJ), x e M, I e KP^"\ [/] G T^M, 
where c ^C^+i."-!) for each n > 1, g > 0. Take g : Q ^ KP^"^ 

given by g{x,l) := /. Then g is of class C^'^'"~^\ In view of Theorem 3.19 
l^iaiQ)) = 0, if - 1 > 2m - 1, that is, 2m < N. In particular, g{Q) 
is not contained in KP^""-*^ and there exists /q ^ g{Q), consequently, there 
exists TT;,) : M K^""*". Since gC^'^~^^'"'~^^ or pC*^"^'"^ respectively is dense 
in C'^'^'"'~^\ then there exists a mapping k such that k G ^C'^''^^'"'^^^ or 
K G pC^^'"'' is sufficiently close to tti^ relative to || * ||ci correspondingly such 
that K o ^ is the immersion, since M is compact. In view of Theorem 3.17 
the composition ko^ is of class 5(7^^+^'""^^ or pC^^'"^ correspondingly. This 
procedure can be prolonged, when 2m < N — k, where k is the number of 
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the step of projection. Hence M can be immersed in K^™. 

Consider now the forbidden directions of the second type: / G KP^~^, 
for which there exist x ^ y & M simultaneously belonging to I after suitable 
parrallel translation [/] i-^ [/] + 2;, z G K^. The set of the forbidden directions 
of the second type forms the manifold S := \ A, where A := {{x,x) : 
X G M}. Consider ip : S KP^~^, where ilj{x,y) is the straight K-line 
with the direction vector [x,y] in the orthonormal base. Then ij,{iIj{S)) = 
in KP^-\ if 2m + 1 < A^. Then the closure cl{'il){P)) coinsides with 
■0(P) U g{Q) in KP^^^. Hence there exists Iq ^ cl(ijj{P)). Then consider 
ttiq : M ^ -^/I^^- Since ^C'^'^^^'""^) or pC'^'^'"'^ correspondingly is dense 
in C'^'^'"'~^\ then there exists a mapping k such that k G gC'-'^"^^'"'"^-* or 
K, G pC^'^'"'' is sufficiently close to tviq relative to || * such that Kor is the 
embedding, since M is compact. In view of Theorem 3.17 the composition 
K o T is of class ^C'(^"'"^'"'~^) or pC'-'^'"-' correspondingly. This procedure can 
be prolonged, when 2m + 1 < N — k, where k is the number of the step of 
projection. Hence M can be embedded into K^™+^. 

3.21.2. Remark. Theorems 3.19 and 3.21 are non- Archimedean analogs 
of the Sard's and Witney's theorems. In Theorem 3.21 classes of smoothness 
globally on M are important. Theorem 3.21 justifies the considered class of 
manifolds M in the theorems above about antiderivational representations 
of functions. 

3.22. Note and Definition. The proof of Theorem 3.17 shows, that the 
family of all diffeomorphisms of M of the class pC((t, s)) as it was defined 
slightly different in [14] also form the topological group. Moreover, spaces 

pC((t,s),Q ^ Y) := P{l,s)[C{{t,s- ^Y)]®Y and pC(*'^)(M,F) 
are topologically K-linearly isomorphic, where / = [t] + 1, [t] is the integer 
part of t, [t] < t, < t G R, though the antiderivation operators P(/, s) on 
a clopen subset X' ^ Q in P(K™,0, 1) (see §2.11 [12]) and qP" above (see 
§§2.1, 2.2.5) are different. 

Define by induction spaces ^C^+(''0)(^], F) := {/ e C^+^^'^\n,Y) : 
f{xi,...,Xm) G i/P^"+'( '5-^C«+('-^'0)(fi,F))©r for each J = l,...,m}, where 
/gN, ^C«+(1'0)(1],V) := 5C«+(^'°)(r],F), ^C«(fi,F) :=C«(r],F). 

3.23. Theorem. Let M be a ^gC^'^^^''''^^ -manifold over K with I > 2, 
then there exists a clopen neighborhood TM of M in TM and an exponential 
i^C'^q+i,'^-^) .mapping exp : TM M ofTM on M. 

Proof. As in the proof of Theorem 3.7 [14] it can be shown that the 
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non-Archimedean geodesic equation VcC = with initial conditions c(0) = 
Xo, c(0) = yo, Xo G M, yo G T^^M has a unique ^C*^'^"'"''"'~^)-solution, c : 
S(K,0, 1) — > M. For a chart {Uj,4>j) containing x, put = ° 

then 

^^.(6) = Xo, Vo), h G 5(K, 0, 1), where / G ^s'^C'^'^+^+''-^\B{K, 0, 1), K™), 
consequently, the mapping Vi x i?(K™',0, 5) 3 {xo,yo) i— ■ipj{P;xo,yo) is of 
class of smoothness '^(7^^+''""^), where < 5, Xq — (l)j(xo) G C 1^2 C 
(f)j{Uj), Vi and V2 are clopen, S and V^i are sufficiently small, that to satisfy 
the inclusion ipj{P] Xq, yo) G V2 for each {xq, yo) G Vi x 5(K"*, 0, S). The rest 
of the proof see in §3.7 [14]. 

3.24. Theorem. Let Q = Qi x ... x be a polydisk in (K©q;K)™ and 

let_ 

gC^i+^''^-^)(n,K{a)) := {/ G sC(«+^'"-i)(n, K(a)) : Bf = on n}, 
then sC^'^'^^'^''^^\^,'K{a))\Q is the algebra over K, where := {z & fl : Zj 
is encompassed by dQj} for each j = 1, ...,m, z = {zi, Zm)}- 

Proof. Evidently 56'*^'^+^'"'"^) (^2, K(q;)) is the K-linear space, since (9(A/) = 
Xdf for each A G K and d{f+g) = df+dg for each f,ge sC(«+i''*-i)(fi, K(a)). 
It remains to verify that fg\^ G sC^'^'^^'"~^\^,}i{a))\^ for each / and 
g G 5C'(«+i'"-i)(Q,K(a)), where as in §2.6.1 5C'(«+i'"-i)(l], K(a))|^ = 
{h\^ : h G 5(5(«+^'"^^)(l],K(a))}. In view of Theorem 2.7.2. (i) if / and 
g G sC^'''^^''^~^\fl,H{a)), then / and g are locally 2;-analytic on i}, conse- 
quently, fg is locally z-analytic on Q. In view of Formula 2.7.8.(2) or by the 
direct computation: 

(i) res(^{z — C,)-' = for each — 1 7^ j G Z and each ^ E Cl, 
since res^h = for each h having a decomposition 2.7.8.(1) with a_i = 
a_i(/i) = 0, indeed it is true for the particular /i(/3) = h{0) for a loop 7 
encompassing and such that h{x) := Exp[jLog{'j{x))] and j G Z, x G 
B(K, 0, 1), that leads to the general case. 

On the other hand, {fg)'{z) also is locally 2;-analytic on Q. Therefore, 
^^P^^[{f g)' {z)dzj\ = and particularly 

(ti) ,T%d{f{z)g{z))/dz,)dz,] = 
for each loop 7^- in flj encompassed by dflj (see Theorem 2.5.3), where z — 
{zi, Zjn), O, — Qi X ... X Qjn: IS a ball in K © aK, zj eK.® oK for each 
j = 1 m. Then 

d{,^P-[{d{f{z)g{z))/dz,)dz,])/dz, = d{fg){z)/dz, and 
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i,P''[id{fg){z)/dzj)dzj] = {fg){zi, Zj^i,-fj{P), zj+i, ...,Zm) 
-if9){zi, ...,Zj-i,'jj{0),Zj+i, ...,Zm). Moreover, 

ijP''[hj{z)dzj] = bP"[/Ij(^i, ...,Zj_i,-fj{C),Zj+i, ...,Zm)d^j{C)], 
^^P%d{fg){z)/dzj)dzj\ = BP''[vj{zi, 7j(C), ^j+i, ^Jd7j-(C)], 
d{ BP^'ihjizi, Zj_i, 7j(C), Zj+i, Zm)djj{C)]/dC 
= hj{zu 7j(C), Zj+i, Zmh'iO, 

d{ eP^'ivjizi, Zj_i,-fj{C), Zj+i, ^m)c^7i(C)]/^C 
= 'yj(^i,...,^j_i,7j(C),2;i+i,...,^m)7'(C), 7i e pC*"!^, K(a)), where vj(^) : = 
d{fg){z)/dzj, ( E B := B(K,0,1). Proceeding as in the proof of The- 
orem 3.17 with the help of and Equation 2.2.5.(1) (see Equations 
3. 17. (Hi — vii)) find hj G C*^'''"~^-'(i7, K(a)) such that hj is locally ^-analytic 
and ^.P'^lhjiyZi, Zj_i, Q, Zj+i, z^)dCj] = ifg)iz) - ifg)(zo) for each z G 
Q and each j = 1, m, where 7^ is a path with 7j(0) = zj^o G Qj, 7j(/9) = % 
for each j = 1, ...,m. This means, that (/^) G sC^'^'^^'''~^\n,K{a))\^, since 
5 ^^.P''[/ij(2;i, Zj-i, Q, Zj+i, Zm)dCj]/ dxj 
= d ^^P'^lhj^zi, Zj^iXj, Zj+i, Zm)d(j]/dzj = hj{z) and 
d -y.P'^[hj{zi, Zj-iXj, Zj+i, Zm)d(j]/dyj = o.hj{z) (see Formulas 2.4.1. (i, ii)) 
such that uPxjhj\x],o uPy^hj\ljo as particular cases of jj along axes Xj 
and Uj give the desired result. 

3.25. Corollary. The space 5C'(«+^'"-^)(Q, K(Q;))|j=j contains all locally 
z-analytic functions on fl. 

Proof. Mention that 1 G C(9'"-^)(n, K(«)) and uP^Mxo = x - Xq, 
uPyMlo = y - l/o>_7.-P"l = 7i(/^) - 7i(0) = Zj - Zj,o, where 7^ C 
hence — zjfl G 5C^^+-'-'"~^^(n, K(q;)) for each zj and 2;j,o G fij = 7rj(f2j). 
It is possible to take 7^ contained in balls B such that S C Qj. There- 
fore, ^P^EliXB, = Eliai^.P^XB, e 5^(^+l'"-l)(^]„K(a)), where Bi 
are balls satisfying conditions of Lemma 2.6.1, a; G K(a), A: G N. In view of 
Theorem 3.24 each polynomial in z belongs to sC^'^~^^'"'~^\^,}^{a))\Q. The 
using of expansions into series by z of locally z-analytic functions and limits 
of sequences of polynomials in z and Lemma 2.6.1 leads to the conclusion 
that each locally 2;-analytic function on belongs to gC(i+'^''^~'^^ ((], K(q;)) 

3.26. Note. From Corollary 3.25 it follows, that a 5C'(9+i'"-i)-manifold 
M is locally z-analytic manifold and there exists a refinement At{M) — 
{{Uj, 4>j) '■ 3} of At{M) such that transition mappings 4>i o are z-analytic 
for each Uj (lUi $. If / is z-analytic on Q, then /' is z-analytic on Q. 
Therefore, there exists a family T of the cardinahty card{T) — c :— card(R) 
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of all functions / G sC'''^^^'"'^^\i^, K(«)) and / is not 2;-analytic on (l, since 
a locally 2;-analytic function is not necessarily 2;-analytic. For example, take 
h e C(^'"~^)(Q, K(q;)) locally 2;-analytic on Q and nonanalytic on Q and put 
f{z) = ^P^h, where 7(0) = Zq, ^{{3) = f2 is a polydisc (see §3.25). Indeed, 
each locally plynomial in z nonpolynomial h : VL ^ K(q;) and its iterated 
antidcrivativcs along paths hk{z) := ^P^hk-i, k = ho := h, up to 

order n fit this construction. For nonlocally compact fields there is the theory 
of analytic elements [6] . 

3.27. Corollary. Let L be a non-Archimedean field such that K.{a) C L 
with a valuation \ * |l extending that ci/K(«) and let L be complete relative 
to I * |l- Suppose Q is a clopen compact subset in (K © aK)™ and Y is a 
Banach space over L. Then f e sC^'^^^'"-^H^,'^)\d and only if there 
exists an open subset W in L"* and a locally z-analytic function F on W , 
zeW, such that VTn (K ® ctK)"* D Q and F\^ = f. 

Proof. The valuation group rK(a) is discrete, hence Y as the K(a)-linear 
space has an orthonormal base {ej : j G A}, where A is a set (see Chapter 
5 [21]). Therefore, F : W ^ Y has the decomposition F{z) = J2jeA-^ji^)^jj 
where Fj : W ^ K(a). Since F is locally z-analytic, then / is locally z- 
analytic on and in accordance with Corollary 3.25 / G gC^'^'^^''^''^^ (Q, Y)\q. 
Vice versa, if / G s&'^^'^'''~^\^,Y)\^, then by Theorem 2.7.2 / is lo- 
cally 2;-analytic on Q, consequently, for each ( & Q there exists a ball 
E(K(a),C,i?(C)) with < i?(C) < 00 on which the power series 2.7.2.(2) 
is uniformly convergent, that is, lim|fcj^o |flfc|L-R''^' — 0, hence this series is 
uniformly convergent on B{L, (, R{C)) also. Put W = U^g^ B(L, (, R{C)). 

3.28. Definition and Note. Let L,n = n{f), W = W{f) be satisfying 
conditions of §3.27 with m = 1. Let also T G L{Y) be a bounded L-linear 
operator on a Banach space Y over L with a nonvoid spectrum ct(T) := {b G 
L : (bl-T) is not invertible in L{Y)} (see Chapter 6 in [21]), where L(X, Y) 
is the Banach space of all bounded L-linear operators T : X — > F for Banach 
spaces X and Y over L, ||T|| := supQ_^^gjf ||Tx||/||x||, L{Y) := L{Y,Y). 
Suppose in addition, that for each z E W with dist{z, ^2) < 00 there exist 
R > dist{z, n) and C e ^ such that B(L, z,R) CW and B{L, z,R)nn = 
B{K ® aK, C, R) C 9.. Denote by J'(T) a family of all functions / with 
ipf G 5C'(«+^'"-i)(u;e,L), where W is a clopen neighborhood of cr(T), W = 
W{f), = W n (K © aK) ^ 0, < dist{dn, a{T)) := inf^e^f^ dist{z, a{T)), 
dist{z, G) := infy^c k — |/| for G C L and z E L, < q E Z, 1 < n E N, 
ipfiv) •= /(^ + Exp{r])), uj := u!{z) := {rj G K(a) : z + Exp{r)) G fl}, z E fl, 
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Ue = uj\ Log{B(K{a), z,e)), e = ej, ej > for each j G N, limj^oo^j = 0, 
there exists a locally 2;- analytic function "iffonW such that = ipf (see 
§3.27). Put 

(1) /(T) = C{a)-' 9nPViC)mT)dC], where R{C;T) = {(I-T)-' for 
( G p{T) := L \ (t{T) and the antiderivative is supposed to be convergent in 
the strong operator topology scncc, that is, f)nP"'[f{C)R{C] T)ydC,] converges 
for each y E Y. There are others definitions of spectral sets (see Chapter 6 
[21]), but this one is used here. 

3.29. Theorem. Let a{T) ^ %, a{T) gL, f,g e T{T), a,b e L (see 
p.28). Then 

(i) af + bge J^{T) and aF{T) + hg{T) = {af + bg){T); 
{ii) fg G J^(T) and f{T)g{T) = {fg){T); 

iiii) zffiz) = EZo^^kZk on W{f) such that W{f) D a{T), then f{T) = 

Efclo o-kT^- 

Proof. Definition 3.28 is correct, since xl — T is invertible in L(Y) for 
each X G p{T) := L \ o-(T), hence ro-(T) := sup^.g^j-'^) |a;| < ||T||, where p{T) 
is open in L and i?(x; T) is locally x-analytic on p{T) (see Chapter VII in [4] 
and Chapter 6 in [21]). 

(i). It follows from Definition 3.28 and Corollary 3.27. 

{ii). In view of Corollary 3.27 and Theorem 3.24 fg G J-'{T), since 
Wif) n W{g) =: W{fg) D a{T). Without loss of generality take fi(/) 
encompassed by dQ{g) shrinking fl{f) a little if necessary such that W{f) D 
a{T), W{f) C W{g). Then 

fiT)g{T)^C{a)-' C^anif)PViC)R{C;T)dC] ,edn(,)P''[g{>^)R{K;T)dK] 
= Cia)-' .ean(,)P"[ cednif)PVi09mRiC;T)Ri^;T)}dC}dK]. 
On the other hand, i?(C; T)i?(/s:; T) = (i?(C; T)-i?(/t; T))(k-C)^^ Therefore, 

(1) fiT)giT) = Cia)-^ cean(/)P"[/(C)^(C; T){ .edn(,)P''[9iK){K-C)-'dK]}dC] 
-C{a)-' ,^9n(g)P''[9{K)R{K;T){ cean(f)PV iOi^ ' Cr'dQjdK]. 
The second term on the right hand side of (1) is zero, since dQ{f) is en- 
compassed by dn{g), k G dn{g), ( G dn{f) (see Formulas 2.7.2.(2 - 4)). 
Hence 

f{T)g{T) = C{a)-' ceonif)PViC)9miC;T)dC] = {fg){T). 
(Hi). It follows from Definition 3.28 and Formulas 2.7.2.(2 — 4) appfied 
to f{C)R{C; T)y for each yeY. 

3.30. Theorem. Let a{T) ^ 0, a{T) C L, / G T{T) (see p.28). Then 
f{a{T)) = a{f{T)). 
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3.31. Theorem. Let a{T) ^ 0, a{T) C L, f e r{T), g E J^{f{T)) 
(see %3.28) and h{z) := g{f{z)) for each z G f-^[W{g) n f{W{f))]. Then 
heT{T) andh{T)^g{f{T)). 

Proof. Theorem 3.30 foUows from Theorem 3.29 analogously to The- 
orems VI 1. 3.10 [4] and 3.3.6 [9]. The function / is locally 2;-analytic on 
W{f), g is locally 2;-analytic on W{g), hence h is locally z-analytic on 
f-'[W{g)nf{W{f))]. In view of Theorem 3.30 a(/(T)) C f{W{f)) nW{g), 
hence h is defined on open W{h) such that W{h) D c(T'). Without loss of 
generality take W{g) D f{W{f)). Put 

S{k) = C{a)^^ ^ggf^(j)P"[/?((^; T){k — f {())^^d(], then in accordance with 
Theorems 3.29 and 2.4.6 (applied on pieces of ^{f) affine homotopic to 
points) {kI — T)S{k,) = S{k,){k,I — T) = I, consequently, S{k,) = R{k,;T). 
Therefore, 

g{fiT)) = C{a)-' ania)P''W)R{^^;f{T))dK] 

= C{ar^ 9nu)P'"mC,T)g{f{())dC] = h{T). 

3.32. Proposition. Let fk G T{T) for each A; G N (see ^3.28) and 
there exists a clopen subset W in h such that cr(T) G W C. (X^=i W^(/n)- If 
fk converges to f uniformly on W, then fn{T) converges to f{T) uniformly 
on each totally hounded subset in Y . 

Proof. There exists a sequence C(a)-i afiP"[/fc(C)^(C; T)d(\ in L{X, Y) 
in the topology of pointwise convergence, where Y) denotes the Banach 
space of continuous L-hnear operators S : X ^Y lox two Banach spaces X 
and Y over L. In view of Theorem (11.6.3) and Example 11. 202.(31) [19] this 
sequence converges to a L-linear operator on Y uniformly on each totally 
bounded subset in Y . 

3.33. Definition. A point zq G cr(T) is called an isolated point of a 
spectrum cr(T), if there exists a neighborhood U of zq such that cr(T) r\U — 
{zq\, where U satisfies the same conditions of §3.28 as W. An isolated point 
Zq G '^{T) is called a pole of an operator T or a pole of a spectrum, if a 
mapping R{C; T) has a pole at Zq. An order j(^o) of a pole Zq is an order of 
zq as a pole of i?(C; T). 

3.34. Theorem. Let f,g e T{T) (see %3.28). Then f{T) = g{T) if 
and only if f{C) — fi'(C) on a clopen W such that cr{T) \ UieAl-^/} C C L, 
where zi E fl G K.® aK. is a pole for each I E A, A is a finite set and (/ — g) 
at Zi has zero of order not less than j{zi) for each I = 1, k. 

Proof. Without loss of generality take g = and let / = on \ 
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U«eA{-2/}- Then due to Theorem 2.4.6 (apphed on each piece affine homotopic 
to a point) 

f{T) = C(a)-i E^eA 9B,PV{C)R{C; T)dC], where Bi := B{K®aK, zi, Ri), 
< Ri < oo and Bir\a{T) = {zi} for each / G A. Since f{C)R{(; T) is regular 
on Bi^ then by Theorem 2.7.14 /(T) = 0. Vice versa, let /(T) = 0, then 
by Theorem 3.30 f{cr(T)) = 0. The set o"(T) fl (K © aK) is compact and it 
can be covered by a finite union of balls B(K © aK, Q, Rj), < Rj < oo. If 
S(K © aK, (^j, n (t(T) is infinite, then for each hmit point x of the latter 
set there exists a clopen neighborhood on which f\y^ = (sec Theorem 
2.7.7). Therefore, o'(T) fl ((K©aK) \U^. \4.) consists of a finite number of iso- 
lated points {A; -.1 = 1, k}, since Q D (K©aK) no"(T), is compact. Let 
/ is not zero on any neighborhood of Ai. Since Ai G cr(T) and f{a{T)) = {0}, 
then / has a zero of finite order j, hence gi{z) — (Ai — zY / f{z) is locally z- 
analytic on a neighborhood of Ai. Prom the proof of Theorem 3.24 it follows, 
that 

(1) i?(C;T) = E^:?_oo«™(Ai-C)™ 

on B{e) := i?(K © aK, Ai, e) for a sufficiently small < e < oo, where 

(2) a.m - -C{a)-' 9B(e)P''[{\i-Cr-'R{C;T)dC] = -{XJ -Tr-'h{T), 
h(T) denotes a function equal to 1 on B{e) and zero on a neighborhood of A; 
for each / ^ 1 such that ilj{ri) = h{z + Expij])) satisfies 3.28, that is, possible 
due to Lemma 2.6.1 and Corollary 3.27, since Expirf) is locally r;-analytic. 
Then a-m-i = — (Ai/ — T)^h{T) = for each m > j. 

3.35. Definition and Note. A subset V of cr(T) clopen in cr(T) is 
called a spectral set if it has a clopen neighborhood Wy satisfying the same 
conditions of §3.28 as W and Wy H (c(T) \ V^) =0. In accordance with 
Lemma 2.6.1 and Theorem 3.24 consider / G J-'{T) such that f\v = l and 
f\a{T)\v = 0, which is possible due to Corollary 3.27, since Exp{rf) is locally 
r/-analytic. Put E{V-T) := f{T). In view of Theorem 3.34 E{V-T) depends 
on V , but not on a concrete choice of / from its definition. If y fl <y{T) = 0, 
put E{V;T) = 0. Write also E{z;T) := E{{z};T) for a singleton {z}. An 
index j = j{z) of 2; G L is the smallest integer j such that {zl — TYy = for 
each y eY with {zl - Ty-^hj = 0. 

3.36. Theorem. LetT, W , K(q) be as m §§5.^7, 3.28. If zq is a 
pole ofT of order j, then zq & ft has the index j. An isolated point Zq G (7(7") 
is a pole of order j if and only if 

(i) (zol - TyE{zo; T) = 0, {z,I - Ty-^E{z^- T) ^ 0. 

Proof. In view of Formulas 3.34.(1,2) zq is a pole of order j if and 
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only if (i) is satisfied, since a-m-i = —{zqI — T)"^E{zo;T). The rest of the 
proof is analogous to that of Thereom VI 1. 3. 18 [4] due to Corollary 3.27 and 
Theorem 3.24. 

In view of Theorem 3.29. (ii) 

E{V; T)E{V; T) = E{V; T) for each spectral set V, 
that is, E{V\T) is the projection operator on Y (see Chapter 3 [21]). 

3.37. Theorem. Let f G J-{T) (see ^3.28) and let V be a spectral set 
of f{T). Then a{T) O f'^V) is the spectral set of T and E{V-f{T)) = 
E{f-\V)-T). 

Proof. Let hy G T{T) such that hv{z) = 1 on a neighborhood Vi of V , 
hv{z) = on a neighborhood V2 of a{f{T)) \ Vi, where Vi fl V2 = 0, which is 
possible due to Theorem 3.24, Corollary 3.27 and Lemma 2.6.1, since Exp{rj) 
is locally r/-analytic. Then hv{f{T)) = E{V- f{T)). In view of Theorem 3.30 
a(T) = f-\V) U f-\<j{f{T)) \ V), where f-\V) n f-\a{f{T)) \ V) = 
0. Since / is continuous, then f~^{V) and f^^{a{T) \ V) are clopen in 
(t(T). Therefore, o'(T) n f^^iV) ='■ T is the spectral set of T. Put ty{z) : = 
hv(f{z)), then E{T;T) = tr{T), since tr G T{T) due to Corollary 3.27. 
Prom Theorem 3.31 it follows, that E{V;f{T)) = E{T;T) = E{f-\V);T). 

3.38. Remark. In the non-Archimedean case the Gelfand-Naimark 
Theorem (/X.3.7 [4]) is not true (see Chapter 6 [21]). Therefore, the existence 
of the projection operator EiV; T) for each spectral set V does not imply a 
spectral projection- valued measure decomposition of T (see also [18]). Here 
is considered a particular class of operators satisfying conditions of §3.28 for 
which the operator E{V;T) is defined for each spectral set V, V C cr{T). 
Put Yv := E{V;T)Y. In view of Theorem 3.29.{ii) and §3.35 TYy C Yy, 
where Yy is the L-linear subspace in Y, since E{V; T) is L-linear, denote 
Ty := T\Yy. 

3.39. Theorem. Let V he a spectral set of a{T) ^ (see ^3.28). Then 
a{Tv) ^V. If f e T{T), then f G T{Tv) and f{Tv) = f{T)v. A point 
zq &V is the pole of T of order j if and only if Zq & D, is the pole of Ty 

of order j . 

Proof. Take a marked point z E V and suppose z ^ a{Tv). In view 
of Corollary 3.27 there exists a function g G J^{T) such that g\y^ — on 
a neighborhood Vi of V and g{() = {zq — for each ( G V2, where V2 
is open in L, Vi H V2 = 0, V2 D o"(T) \ V. In view of Theorem 3.29. (ii) 
giT){zI -T) = {zl - T)g{T) = I - E{V;T). Then V C a{Tv) as in 
Theorem VI 1. 3.20 [4]. 



49 



Vice versa, let z . Consider h G JF(T) (see §3.28) such that /?.(C)|yi = 
{z — C,Y^ and h\y^ = 0, where Vi is chosen such that 2; ^ Vi, Vi is a neighbor- 
hood of V, V2 is as above. Then by Theorem 3.29. (ii) h{T){zI - T) = {zl - 
T)h{T) = E{V-T). Therefore, h{T)v{zIv - Ty) = {zly - Tv)h{Tv) = W, 
since z ^ aiTy), consequently, <j(Tv) C V and R{z;Ty) = R[z]T)y. Take 
/ e T{T) and a neighborhood W of o'(T) as in §3.28. Then 
f{T)y = C(a)-i 9aP^[f{z)R{z-T)dz\y = C(a)-i Tv.)rf;^] = 

fiTy) 

and E{z;T)E{V;T) = E{z;T) for each ^ G F, hence {zl - TfE{z]T) = 
{ziy — Ty)'^E{z; T) for each A; G N. In view of Theorem 3.36 Zq & Vt r\V is 
a pole of T of order j if and only if it is a pole of Ty of order j. 

3.40. Corollary. T/ie mapping E 1— > ii^(V";T) is the isomorphism of 
the algebra T of all clopen spectral subsets V ofa{T) satisfying conditions of 
p. 28 on the Boolean algebra {E{V;T) :VeT}. 

Proof. In view of Theorem 3.29 the mapping V EiV; T) is the 
homomorphism. If EiV; T) = 0, then Yy = and o"(Ty) = 0, hence 
V = a{Ty) = by Theorem 3.39. If Vi, V2 G T, then evidently Wy^ U Wy^ 
and Wy^ n Wy^ (for Vi n V2 7^ 0) satisfy conditions of §3.28 as W. Consider 
a{T) \ y for y G T, then Wy n {a{T) \ F) = (see §3.25), hence W \Wy 
satisfies conditions of §3.28 as W, since each two balls in L are either disjoint 
or one of them is contained in another. Therefore, T is the Boolean algebra 
and hence {E{V;T) : V G T} is the Boolean algebra. 

3.41. Note. In sections 3.28-3.40 it can be taken the generalization 
instead of Q for a manifold M which is 5C^^'*"^'"~^^-diffeomorphic with Q. 
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